CMV6111 Foundation Mathematics 9/2002

Unit 21 : Rectangular Coordinates,
Distance For mula ,Section Formula and Equation of
Straight Line

L earning Objectives

Students should be able to:

® Locate apoint in aplane using rectangular coordinate system

® Caculate the distance between 2 points

® Determine the point of division of aline segment

® Determine the dope of aline

® State the condition for 2 lines to be paralel or perpendicular

® Understand that the equation of a straight lineis of the first degree
® Determines the equation of a straight line

® Determines the dope and intercepts of a straight line

® Sketch aline when its equation is given
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1. Review of coordinates

The coordinates of a point P referred to the perpendicular axes are the ordered
pair (a, b) where

a (the x-coordinate) = the distance of P from the y-axis; and

b (the y-coordinate) = the distance of P from the x-axis.

y-axis
A

P(a,b)

X-axis

Example 1: Plot the points A(1,2), B(4,6) and C(4,2); hence find the distances
between: a) A andC;

b BandC;

© A andB.

y-axis
A
B(4,6)
AL2) C(4,2)
© X-axis
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From the figure,
a AC=4-1=3
b) BC=6-2=4

c) By Pythagorastheorem, AB = +/AC? + BC?

=R +4

5 units

2. Distanceformula

Now let us generalize Examples 1 and 2 by finding the distance between the

points A(xy,y1) and B(x,Yo).

y-axis

Fromthefigure, C=(X2,y1)
AC= Xo— X1
BC = Y2—VY1
By Pythagoras theorem, AB = +/ AC? + BC?

= W/(Xz -X,)2 + (Y2 -Y1)®

Example 2 Find the distances between the pairs of points:
a) (3,4) and (15,9);
b) (5!1) and (- 31-4)’

Soln: &) +12° +5% =13 units
b) +/(-8)% +(- 5)% =~/89 units
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3. Section formula

A point P on the joining of AB issaid to divide AB intheratiory : ryif

AP: PB =r;: . Inthefigure below, if PdividesAB intheratior; : i

y-axis
A

r2

rl

(x1,y1)

AP _AM _MP _r
then — =——=—" =L
PB PN NB r,
X% _I
Xy - X r,

X:r1X2+I‘2X1
rn+r,
Ry, +nLy
I’1+I’2

i.e

hence

Similarly, y=

Hence, the section formula concludes that:

B(x2,y2)

X-axis

The coordinates of the point P which divides the joining of A(x,y1) and B(%,y2) is

r-1)(2 + rZXl

r.y,+ry.
and y=-22— 221
n+r n+r

Example 3 Write down the mid-points of the lines joining:

a) (1,2) and (5,4);
b) (6,1) and (-8,3);

Soln: @) (3,52)
b (12

Unit 21 Coordinates, distance formula and Equations of Straight Lines

Page4 of 9 |




CMV6111 Foundation Mathematics 9/2002 |

Example 4 Given A = (4,16) and B =(11,-5),find H if H divides AB internally in

theratio 1:6
Soln: (5, 13)
4, Inclination and Slope of aline
y-axis
A L2

N

a2 al . X-axis

o1/

L1

The inclination of a line is the angle made between the line and the positive xaxis.

The dope of aline is defined as the tangent of the inclination of the line.
e m = tana

Example 5 Find the slopes of the lines with inclinations:

a a=30
b) a =45%
c) a=135°

What corclusion can you make if the two lines are perpendicular?

Soln: (@) m=tan30°=0.5771
(b) m=ta¥s’=1
(c) m=tan138=-1
from (b) and (c), m;m, = -1 and these two lines are perpendicular.
In general,
0} if L /L, then mi=my;
(i) if "L, then mimy=-1.
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5. Sope of the line passing through two points

y-axis

X-axis

From the above figure, dope of the line passing through the points A and B is
m = tana
BM

Example 6 Find the slopes of the lines passing through:
a) (5,2) and (-2,2);

b) (5,1) and (-3,-4);

C) (1,2) and (-1,4);

d (4,7) and (4,2).

Soln: @) 0
b) 5/8
c) -1
d) undefined.

Example 7 A and B are the points (-4, 1) and (8, 6) respectively.
€) Find the slope of AB.
(b) Find the length of AB.
(© Write down the coordinates of the mid-point of AB.

6-1 _ 5

8- (4 12

Soln: (@  dopem=

(b)  lengthof AB = /(8- (- 4)? +(6- 1)

= /12 +5% =13 units
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(©  coordinates of mid-point =(#,¥) =(2 g)

6. Equation of the straight line

For every point P(x,y) to lie on a straight line, its coordinates x and y must
satisfy a certain relation. This relation is called the equation of the straight line.

For example, to find the equation of the line of slope 2 and through the point
A(2,1) isto find the connection such that every point P(x,y) on the line should satisfy,
i.e. slopeof PA = given slope 2

Hence, in order that P(x,y) be a point on the line, its coordinates x and y must satisfy
(*), and (*) is called the equation of the line.

In fact, the equations of straight lines are of 1% degree, and equationsin x, y of 1%
degree are called linear equations.

7. Point-slopeform

We have aready found in the last section that the line through the point (X 1,y1)
of slopem is:

Example 8 Find the equations of lines through the following given point(1,-2) and
with slopes—1

Solution: The equation of the line through (1-2) with slope=-1is:
y*2_ 4
x-1
Xx+y+1=0.

8. Two points form

From our last section, the line through (x1,y1) and of Sopem is

y' y1=m
X- X '
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If the line also passes through (%.y>), itsslopeis Yoo Y1 :
X%
Therefore, the equation of thelinejoining (X1,y1) and (Xz,Y2) is
Y-y — Y- W
X=X X=X

Example 9 Find the equation of the line joining (4,1) to (5,-2).

Soln:  The equation is:
y-1_ -2-1

x-4 5-4
or X+y=13

Example 10: Find the equation of the line which makes x-intercept 5and y
intercept 2 on the axes.

Solution
y-axis
A
x-intercept =5
-intercept = 2
\ . y p
2
X-axis
O 5 B g
As the line makes y-intercept 2 and xintercept 5
From the figure, A =(0,2) and B = (5,0)
, L -2 -2
The equation of thelineis y—0=g—o or 2x+5y =10
X_ -

Example 11: Find the equation of the line passing through (2,3) and is paraléel to the
line 3x + 4y =12.

Soln:  When x=0, y=3
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When y=0, x=4
Theline 3x + 4y =12 passesthrough (0.3) and (4.0)
and itsslopeis ng --3
4-0 4
Equation of the lineis: y-3_-3
Xx-2 4
Or 3x + 4y =18,

9. Sope-intercept form

The equation of the line with slopem and y-inter cept b isthe line through
(O,b), soitsequationiis:

Y"b_ o

x-0

y=mx+b.

By writing the equation of aline into this form, we can read the slope m of the line
eadly.

Example 12: Find the dope of each of the line 3x + 4y = 10.
Soln: 4y =-3x+ 10
y= ¥x+10 givessope m= 73

Example 13: Find the equation of the line through (5,7) and is perpendicular to
another line3x + 2y —7=0.

Soln: As 3x+2y —7=0

-3
= —X+7
y 2

Itsdope m= 73

<
1
~

Hence equation of thelineis

1
w|N

o 2X-3y+11=0
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