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Individual Events
I1 In Figure 1, a clock indicates the time 3:45. If the angle between the
hour-hand and the minute-hand is 6°, find the value of 6.

At 3:00 pm, the minute-hand lags the hour-hand by 360°x i =90°.

At 3:45 pm, the minute-hand has moved 360°x% =270°;

the hour-hand has moved 360°x éx% =22.5°.

The angle between the hour-hand and the minute-hand is
270° —-90° —22.5°=157.5°

12 In Figure 2, there is a paper net that can be wrapped into a regular
polyhedron. If this polyhedron has y edges, find the value of'y.
There are altogether 12 pentagons. Each pentagon has 5 edges. The
total number of edges is 12x5 = 60.
When the paper net is wrapped to form a polyhedron, every 2 edges
are stuck together to form 1 edge.
.. The number of edges in the polyhedron = 60 + 2 = 30

I3 Among 4 English books, 6 Chinese books and 9 Japanese books, two books are selected. It is found
that they are of the same language. If there are X such choices, find the value of X.
X:4C2+6C2+9C2:6+ 15+36=57

14 Letry and r, be the two real roots of the equation (x—2006)(x—2007)=2007
If r is the smaller real root of the equation (X — r;)(X — ;) = —-2007, find the value of r.

(X —2006)(x — 2007) = 2007 = x* — 4013x + 2005x2007 = 0
SN+ =4013, rir, =2005x2007............... *
(X=X =) =—2007 = X* — (r; + [)X + 11, + 2007 =0
x> —4013x + 2005x2007 + 2007 = 0 by (*)
X* —4013% + 2006x2007 = 0
(x—2006)(x—2007) =0
X =2006 or x =2007
r = the smaller real root = 2006
2 2
IS5  Given that o and B are the roots of the equation x> — 52007y 51000 — ) [fg= logzs%ﬂog% —
0}

find the value of's.

OLBZSIOOO
2 2 2 a2
a
s =logys— + logys—= logzs(—-B—
B o B o
10g51000
= logys(a ) =———
gxs(ap) log?25
_1000log5 _ 500
2log5
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16  For any real number a, b, ¢ and d, we define the operation *:
(a, b)*(c, d) = (ad + bc, bd)

3 X
Ifx,y)=|1, * 8+\/§,3 and a =—, find the value of a.
Y [ 7—\/§j | ) y
(&yr=3+3@+J§X 9
7-5 745
:(21—3J§+24+3J§ 9 ]

7-5 745

:(7f3§’7j:§]
1:5
y

) . 1
I7  Given that sin . — cos oo =— and 0° < o < 180°. If tan oo = B, find the value of B.
5
1
Reference: 1991-92 HKMO heat individual Q20, 1994-95 heat individual Q5: If sin X + cos X =§ ..., Tind tan X.
. , 1

(sino—cos o) =—
25

.2 . > 1
sin” oo — 2 sin a cos o + cos OC—E

1—2sin0ccosoc=L
25

. 12
sin oL cos oL =—
25

25 sin o cos o = 12(sin® o + cos® @)
12sin” o — 25 sin a cos a + 12cos® 0. = 0
(3sina—4cosa)(4sina—3cosa)=0
3

4
tano=— or —
3 4

Check when tan o =§ , then sin o =§ , COS Ol =§

5
LHS=sina—cosa=i—§=l=RHS
5 5 5
Whentanoczé,thensinoczi,cosoczi
4 5 5
LHS=sinoc—cosoc=§—i=—l¢RHS
55 5

.. B =tan0L=i
3

I8 In Figure 3, APAC, AQBA, ARCB and AABC are equilateral ,
triangles. The points X, Y and Z are the incentre of APAC, AQBA,
ARCB respectively. If the length of PA is 10 cm and the perimeter
of AXYZ is W cm, find the value of w. (Remark: the incentre of a
triangle is the point of intersection of the three interior angle
bisectors of the triangle.)
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I8

19

110

It can be easily proved that AXYZ is an equilateral triangle whose side is half of PQ.
SW=3x20+2=30

Let f(x) =% (4x2 = 60X + 9 + |4x* — 60x + 9)).
Ifk=f(1) + f(2) + f(3) +...+ f(15) + f(16), find the value of k.

Note that ifa > 0, %(a+\a|)=a; ifa<o, %(aﬂa\)zo

Now, 4% — 60X +9 = (2X — 15)> =216 = (2X — 15 +6:/6 )(2x — 15-6+/6 )
=4(x—7.5+3/6)(x-75-346)

If7.5-34/6 <x<7.5+3+/6, then 4> — 60x + 9 <0

IfX<7.5-346 or7.5+ 36 <X, then 4x> — 60x + 9 >0

7.5-3/6=+/56.25-/54>0, /56.25-/54<+/56.25-7=0.5

0<7.5-36<0.5

7.5+ 36 =4/56.25++/54>7.5+7=14.5, /5625 +/54 <7.5+7.5=15

145<75+3J6<15

Let g(x) = 4x* — 60X + 9,..0(1)<0,0(2)<0,...,9(14)<0,9(15)>0,9(16) >0

f(1)=0,f2)=0, ..., f(14) = 0, f(15) = g(15), f(16) = g(16)

k = f(1) +f(2) + f(3) +...+ f(15) + f(16) = f(15) + f(16) = g(15) + g(16)

=4x15% — 60x15 + 9 + 4x16> — 60x16 + 9

= 60x15 — 60x15 + 9 + 64x16 — 60x16 + 9

=90+4x16+9
=82

The coordinates of point P on the plane is (-3, 4). After rotating 45° clockwise about the
centre (0, 0) and reflecting along the y-axis, the point P reaches the point Q = (X, y). [f z=X +Y,
find the value of z.

Let P(-3, 4) makes an angle a with the positive y-axis. A, y) R(a, b)

.3 4 B
Then sma—g, cosa—g, OP =5. P(3, 4)

Let R(a, b) be the point after rotating P clockwise about O.
Then OR = 0P =5, + /5
a=>55sin(45°—a) =5 sin 45° cos o — 5 cos 45° sin o

V2 4 N2 3 A2

—5><— Tk Z =X o

2 5 2
b=5 cos(45° —a)=5cos45°cos o+ 5sin45°sin a . . . . .
\/E 4 \/E 3 7\/5 T T T o T T
=X X X X E—
2 5 2 5 2

Q=(ab)-= eii)

z—x+y——§+i 32
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Group Events
G1  Ifthere are N integers from 1 to 50 that are relatively prime to 50, find the value of N.
(Remark: positive integers a and b are said to be relatively prime if their greatest common divisor is
1.)
We first find the number of positive integers less than or equal to 50 that are 'NOT' relatively prime to
50.
They are 2, 4, 6, ..., 50 (There are 25 multiples of 2). Also, 5, 15, 25, 35, 45 are integers which are not
relatively prime to 50 (There are 5 of them).
.. The number of integers which are not relatively prime to 50 is 30.
The number of integers which are relatively prime to 50 is 20.
G2 In Figure 2, ABCD is a trapezium,
AB // CD, «BCE = ZECD, CELAD and DE = 2AE.
If the area of ADEC is 2007 cm” and the area of quadrilateral
ABCE is T cm’, find the value of T.
Produce DA and CB to meet at F.
Then it is easy to prove that ACDE = ACFE (ASA)
. Area of ACDF = 2x2007 cm® = 4014 cm’
Again, AFAB ~ AFDC (equiangular)
FA:FD = (FE-AE): 2DE £
= (DE - AE) : 2DE
= (2 AE - AE) : 4AE
=1:4
By the ratio of areas of similar triangles,
Area of AABF ( 1 jQ
Areaof ADCF \ 4

Areaof AABF 1

2007cm?2

4014cm? 16 P > ¢
Area of AABF = 2007 cm’
2 1404
T=2007 %=%cm2 (= 1756.125 cm?)
5_ga4 3_Qn2
G3  Giventhata®—3a+1—0. [fA—28 28 28 =8 478 o\ alue of A,

3a’+3
a’+3a*+3a’-a’
a’+3
By division algorithm, 2a’ — 5a* + 2a’ — 8a> + 7a = (a’— 3a + 1)(2a’ + a* + 3a) + 4a=4a
3a+3=3@@+1)=23(3a)=9a
4a 4
A=—=—
9a 9
G4 Given that the coordinates of the points A, B and C are (3, 4), (6, —4) 1(' C(8, 10)

and (8,10) respectively. M and N are the midpoints of AB and BC |

CX il
respectively. X is a point on AN such that AX: XN=2: 1. Ifr :W’ °

Reference 1999-00 Heat Group Q1 If a is a root of x*+2x+3=0, find the value of

find the value of r.

M= (4.5,0),N=(7,3) LAY
X = 2x7+3 2x3+4 _(17 10 + N

37 3 373 T

2 Xt
slope of CM = 10 :E,slopeofMX= 2 :§ 1 M\ 1
8_45 7 %_% 7 24
..CXM are collinear T
-t B(6, -4)
r =—x:> y-coordinate of X =&=£ =>r=2
XM 1+r
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G5

Go6

G7

G8

In Figure 2, a 1 cm x lecm x 2 c¢m rectangular box is made by
two cubes with side length 1 cm. An ant is climbing along the
box in a way that it must stay on the edges of the cubes through
out the climbing. Starting from vertex A and climbing with a
speed of 1 cm per minutes, it reaches vertex B after 4 minutes. If
the total number of possible paths taken by the ant is S, find the
value of S.

From A the ant can only climb upwards, or to the right, or
towards B.

Add the numbers on the corners of the box. The numbers shows

the number of possible ways for the ant to climb from A to reach 2/ 7
there. L o,
.. The number of possible ways to reach B is 12. e
A 1
2007

If the remainder of 77" when dividing by 5 is R, find the value of R.
74502, 745 4,75, 3,7'+5 1
The remainder repeats as the exponent increases.
2007 = 4x501 + 3, the remainder is 3.
Method 2
7°=49=50-1
72007 = 772006 = 771198 = 7(50 — 1?5 = 7[50m + (~1)***], where m is an integer.
=5(70m) — 7 = 5(70m — 2) + 3, the remainder is 3.
Let k = sin 30° + cos 60° + sin 90° +cos 120° + ... +sin 1890° +cos 1920°, find the value of k.

sin 30° + cos 60° + sin 90° +cos 120° + sin 150° + cos 180° + sin 210° + cos 240° + sin 270° + cos 300° + sin 330° + cos 360°

The cycle repeats for every multiples of 360°, and 1800° = 360°x5

k =sin 1830° + cos 1860° + sin 1890° + cos 1920° =l+l+1—l=§
2 2 2 2

In figure 3, given that the diameter of the semicircle is 10 cm. A,

B and C are three arbitrary points on the semi-circle where B is on

the arc AC. If x is the sum of the length of the line segments AB

and BC, find the greatest possible value of X.

Let O be the centre, the radius is 5 cm.

Let OD, OE be the respective perpendicular bisectors.

It is easy to prove that /COD = Z/BOD, ZBOE = ZAOE.

Let ZCOD = a, ZAOE =

n0°<20+2B<180°

0°<a+p<90°

BD =5sin a, BE=5sin 3

AB+BC=10sina + 10 sin

= 10(sin o + sin B)

= 20sin 2Bc . B

2
o-f
2

10 cm

sin G;B <'sin 45°,cos——< 1, equality holds when o = 3 = 45°

X <20 sin 45° = 10~/2

http://twg.hkcampus.net/~twg-htw Page 5



Answers: (2006-07 HKMO Heat Events) ~ Created by: Mr. Francis Hung Last updated: 26 March 2008
G9 In the coordinate plane, the points A = (-6, 2), B = (-3, 3), C = (0, n) and D = (m, 0) form a
quadrilateral ABCD. Find the value of n so that the perimeter of the quadrilateral ABCD is the
least.
In order that the perimeter is the least, n> 0, m <0. B(3, 3) i P@3, 3)
Reflect B(-3, 3) along y-axis to P(3, 3). A(6.2) /
Reflect A(—6, 2) along x-axis to Q(—6, —2). 1
By the property of reflection, the perimeter is equal to ——t——+— ottt
QD+CD+CP+AB
It is the least when P, C, D, Q are collinear. Q6 -2)
In this case, slope of CP = slope of PQ.
3-n_3+2 o 4

3 346 3’

G10 Given that integers X and y satisfying the equation 3x + S5y = 1. If S=x -y and S > 2007, find
the least possible value of S.

3x2 + 5x(—1) = 1, one possible pair solution is (X, y) = (2, —1)

The slope of 3x + 5y =1 is —%.

X=2+5k
.. The parametric equation of 3X + 5y =1 is { -3k where K is an integer.
y=-1-
S=x-y=2+5k—(-1-3k)=3+8k
S>2007 = 3 + 8k > 2007
k>250.5

The least possible k =251
The least possible S =3 + §(251) =2011
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