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Languages of symbolic logic


Languages of Symbolic Logic


Symbolic logic is based on analogies with ordinary language. For instance, many statements in ordinary language involve assigning a predicate, say “is happy”, to a subject individual, say “Mary”. The result is “Mary is happy”, a statement which may be true or false.


In the logical language, capital letters in the F, G region of the alphabet are used to stand for predicates like “is happy”. Small letters from the beginning of the alphabet stand for individuals. If we use “F” for “is happy” and “a” for “Mary”, “Mary is happy” translates as “Fa”. Notice that, presumably as an historical accident, symbolic logic employs a “verb first” order.


A statement may express a relation between two individuals, as in “Mary loves John”. The logical language takes “loves” to be a two place predicate, and if its translation is “R” (a letter often used for relations), while that of “John” is “b”, “Mary loves John” is expressed by “Rab”.


Three or more place predicates may also appear: the English sentence “Mary gives John Fido” might translate as “Habc”. English is unusual in expressing the “give” relation purely by word order. Of course it is also possible to say “Mary gives Fido to John”, and in most languages a preposition or some equivalent device has to be used. Simplicity is preferred in the logical language. The order of elements is sufficient, so only order is used. The logical language is an extremely isolating one.


The logical language is designed to be clear about some points that are vague in ordinary language. For instance, in English the quantifiers “somebody” and “everybody” work like ordinary noun phrases, but there are unexpressed differences. “Mary loves John” and “John loves Mary” differ only as to subject and object, as do “Rab” and “Rba”. On the other hand, “Somebody loves everybody” means that there is just one person with so much love to spare: in “Everybody loves somebody”, on the other hand, we might be talking of a different somebody in each case. As we shall see, the logical language will make this clear.


As a result, some of the features of the logical language look strange from the ordinary language point of view. It is necessary to learn them patiently one by one. You could say that they are like pieces of a jigsaw, apparently arbitrarily shaped, but which make an elegant picture when you learn how to fit them together.


One more preliminary point about noun phrases. As noted already, statements like “Mary is happy” may be true or false. Negation changes the truth value: if it is true that Mary is happy, then “Mary is not happy” is false, and vice versa. This is a nice simple matter, and in the logical language “-” is used to indicate negation, as in “-Fa”.


Ordinary language uses more complex noun phrases like “the present king of France” in the same way as proper nouns. However, although if “John is bald” is false, then “John is not bald” must be true, both “The present king of France is bald” and “The present king of France is not bald” should be false. This is another matter which will be made more clear in the logical language.


To continue with negation. It is convenient sometimes to use single letters to stand for sentences, that is, things which may be true or false. These are usually small letters from the pqr part of the alphabet. Now a sentence “p” can be either true or false. The truth values will be represented by the symbols “T” and “(” respectively. The upside down T is justified as “F” already has other duties. Now the nature of negation can be fully expressed by the following truth table:

p   -p

T    (
· T

Sentences can also be joined by such items as “and” and “or”. The translations of 

these in the logical language are “.” and “(” respectively. They too can be completely defined by truth tables:

p    q     p.q     p(q

T    T     T       T

T    (     (       T

(    T     (       T

(    (     (       (
as there are just four possibilities for the combined truth values of “p” and “q”. Notice the interesting symmetry there.


Turning now to quantifiers, the expression “(x)Fx” is used to mean “every individual is F”. Small letters from the end of the alphabet, like “x”, are used to represent variables. The brackets round the variable represent the universal quantifier. If this seems strange, remember it is just one piece of the larger jigsaw puzzle!

The expression “((x)Fx” means “at least one individual is F”. The brackets with an upside down E (for “exists”) represent the existential quantifier. It is often casually translated as “some”, but of course in English “some” implies “several”, unlike this quantifier. An expression for “at least one” helps to keep the logical language simple, for we at once have the following relation between the two quantifiers:

((x)Fx ( -(x)-Fx

Here “(” stands for “has the same truth value as”, or “is equivalent to”, or “if and only if”. Clearly to say that at least one individual is F is the same as saying that it is not the case that every individual is not F.


We can immediately establish a truth table for this new connective “(”:

p   q    p(q

T   T     T

T   (     (
(   T     (
(   (     T

And this shows us that the relation between the quantifiers above could instead be written as:


-((x)Fx ( (x)-Fx


or, by reversing the expression, and replacing “F” by “-F”,



-(x)Fx ( ((x)-Fx


I have put boxes round these last two formulae because it is essential to learn them by heart. An easy way to memorise them is to notice that you can jump a negation sign over a quantifier just as long as you change that quantifier to the other one.


An early motivation for developing symbolic logic was to show how arguments like the following are valid, or logically true:

All men are mortal

Socrates is a man

Therefore, Socrates is mortal

If the first two statements, or premises, are true, then the third statement, after “therefore”, or the conclusion, must be true.


The second premise could easily be translated as “Fa”, and the conclusion as “Ga”, but what about that first premise? The sentence “(x)Gx” would mean “all individuals are mortal”, which is not what we want to say. The quantifier must somehow be restricted to “men”.


It is easiest to approach the problem indirectly. The negation of “all men are mortal” could be expressed as “at least one man is not mortal”, or, “at least one individual is a man and is not mortal”. This can be translated into the logical language with the apparatus we have already:

((x)(Fx . -Gx)

Now the reason for using variables becomes apparent: we want to talk about the same individual being a man and not mortal. We also need brackets to show that the quantifier operates not only on “Fx” but “-Gx” also. The brackets show the scope of the quantifier, to introduce another technical term.


We can immediately get a sentence that must mean “all men are mortal” simply by negating the one above, namely:

-((x)(Fx . -Gx)

Our previous knowledge of quantifiers enables us to transform this into the equivalent

(x)-(Fx . -Gx)

which certainly starts with a universal quantifier, but is still quite opaque.


As a next step, observe the following truth table:

-   ( p  .  q )    (   ( - p   (  - q )

(   T  T  T    T    ( T  (  ( T

T   T  (  (    T    ( T  T  T (
T   (  (  T    T    T (  T  ( T

T   (  (  (    T    T (  T  T (
3   1   2  1    4     2 1  3  2 1

This has been prepared in a different way from the previous ones. First of all the columns numbered 1 were completed in the usual way, to show the four possibilities for the combined values of “p” and “q”. Then the columns numbered 2 were done. On the left hand side, this meant filling in the column under the and dot with the values of 

“p . q”. On the right, under the negation signs, the values of “-p” and “-q” were completed. At the third step, the values of “-(p . q)” and “-p ( -q” were placed in the appropriate columns. Lastly, in the column labelled 4, the values in the columns 3 were compared to find values for the equivalence.


Clearly the equivalence works out true in every case, whatever the respective values of “p” and “q”. Sentences like this are very important. They are generally known as tautologies.

Exercise 1  Using a truth table like the one above, show that “-(p ( q) ( (-p . –q)” is also a tautology. This expression and the previous one, “-(p . q) ( (-p ( -q)” are generally known as “de Morgan’s Laws” after the 19th century logician Augustus de Morgan, who did not discover them (they were known long before).


Now back to “all men are mortal”. Thinking of “Fx” as “p”, and “-Gx” as “q” (careful there!) we can see that “(x)-(Fx . -Gx)” is equivalent to

(x)(-Fx ( Gx)

by using the tautology we just proved. This new expression is at last a bit more transparent: “every individual is either not a man or is mortal”. For if some individual is not a man, then the sentence is true irrespective of mortality. On the other hand, if some individual is a man, then the sentence will be altogether false unless that individual is mortal. There is an even clearer way to express this by introducing a new connective “(”, read “if … then” with the following truth table:

p    q    p(q

T    T     T

T    (     (
(    T     T

(    (     T

Using it, the translation of “all men are mortal” finally comes out to

(x)(Fx ( Gx)

or, “for every individual, if that individual is a man, then that individual is mortal”.

Exercise 2  Using a truth table like the ones used for de Morgan’s Laws, show that

“(-p ( q) ( (p ( q)” is a tautology. This justifies our step from “(x)(-Fx ( Gx)” to “(x)(Fx ( Gx)”.


Although we are now getting simplicity and clarity with the logical language, we must bear in mind that it is drifting further away from ordinary human language. The ordinary use of expressions like “if … then” requires some sort of “proper connection” between the “if part” and the “then part” of the sentence, as in “if a triangle has equal sides, then it has equal angles”. Both parts of the sentence are about triangles. The logical connective “(” needs only a truth value connection, however. The sentences “if the moon is made of cheese then Paris is the capital of France” and “if the moon is made of cheese then Paris is the capital of Russia” are both true if we think of the logical connective. On the other hand, ordinary language occasionally seems to use the logical connective. In English you can doubt a person’s remarks by saying “if what you say is true, then I’m a Dutchman”. The then part is false (unless you are Dutch) so the whole sentence can only be true if the if part is also false, which is what the speaker wants to imply.


Now we go back to the Aristotelian argument about the mortality of Socrates. Using the logical language, there is a very elegant method of proving the validity of arguments like that one, which depends on what is known as reductio ad absurdum, the Latin phrase meaning “reduction to the ridiculous”. Let us see how it works. We begin by setting out the two premises of the argument as follows:

1.
(x)(Fx ( Gx)

2.
Fa

Now as a third line we add the negation of the conclusion we expect, in this case

3.
-Ga

For, if the conclusion does indeed follow from the premises, the conjunction of the premises and the negation of the conclusion should be inconsistent, and that is what we shall prove.

Exercise 3
Use a truth table to prove that the following is a tautology:

                (p ( q) ( -(p . –q)

               Think of “p” as “premises” and “q” as “conclusion”, and you can see that the tautology illustrates the principle of reductio ad absurdum.

Back to the proof. Line 1 says that something is true of every individual, so it must be true of the particular individual “a”. We express this in Line 4:

4.
Fa ( Ga

1

The “1” on the right shows the origin of Line 4: the process is called instantiating a quantifier, in this case, a universal quantifier. It is an easy process, as any individual can be an instance of a universal quantifier. Now we proceed to

5.
Ga

2,4

Both Lines 2 and 4 are cited on the right, since if 2 is true and 4 is true, we can infer 5. The inconsistency we were looking for has now appeared: according to 2, “Ga” is true, but according to 5, it is false. This is the “absurdum”, and we write it with a special sign as follows:

6.
(

3,5


As well as reductio ad absurdum (or RaA for short) there is another method of proving that conclusions follow from premises, which is known as Natural Deduction (ND). At first sight, ND does seem more straightforward and “natural” than RaA, but in more complicated cases, RaA is easier to handle, as we shall see. It is essential not to get the two methods mixed up!

Let’s try Aristotle’s argument again, this time with ND. We start with the two premises, as before:

1.
(x)(Fx ( Gx)

2.
Fa

In ND, however, we go straight on to instantiating the quantifier in Line 1:

3.
Fa ( Ga

1

Now looking at Lines 2 and 3, we deduce a conclusion, as follows:

4.
Ga

2,3

As simple as that!


Let’s go straight on to more complex examples. Active and passive sentences in English will generally be equivalent in truth value:

John loves Mary

Mary is loved by John

These could both be translated in the same way into the logical language, as “Rab” or whatever. Quantifiers complicate the situation:

(1)
Somebody loves everybody

(2)
Everybody is loved by somebody

These do not have the same meaning. (1) implies that just one person loves everybody, but in (2), although everybody is still loved, it might be by a different person in each case. The difference can only be due to the order of the quantifiers. This can be imitated in the logical language, if we translate (1) and (2) by

(1')
((x)(y)Rxy

(2')
(y)((x)Rxy

respectively. Now the importance of the variable in the quantifier becomes apparent! We may want to quantify over more than one thing in one sentence.

If these translations are correct, then the order of quantifiers in the logical language must also be important. In (1'), the universal quantifier is in the scope of the existential one, and vice versa in (2').


Also if we are right, (1') should imply (2'), just as (1) implies (2), but not the other way round. In other words,

(3)
((x)(y)Rxy ( (y)((x)Rxy

should be logically true, but not

(4)
(y)((x)Rxy ( ((x)(y)Rxy

Let us test these, first (3) using RaA. The statements to test will be:

1.
((x)(y)Rxy

2.
((y)(x)-Rxy

If you are puzzled about Line 2, remember the boxed formulae on page 3, and also Exercise 3!

We know that the order of quantifiers is important, so we must instantiate them one by one. This time it is a matter of instantiating existential quantifiers. Now Line 1 means that “(y)Rxy” is true of at least one x, though we don’t know which. Anyway, we can let “a” be one of them (or maybe the only one), and thus put as the next line

3.
(y)Ray

1

According to Line 2, “(x)-Rxy” is also true of at least one y. But this individual may be a different one from the “a” we chose to get Line 3. So we give it a different name: “b” will do:

4.
(x)-Rxb

2


These considerations lead us to an important rule about applying RaA, important enough to be set out in a box, and learned by heart!!


Each existential quantifier must be instantiated by a new letter

Only universal quantifiers remain now, and we can instantiate them with what we like. We want to find an inconsistency if we can, so instantiating as follows is clearly the right way:

5.
Rab

3

6.
-Rab

4

7.
  (

5,6


So far so good! (3) is indeed logically true. Testing (4) means examining the following premises (again this is RaA!):

1.
(y)((x)Rxy

2.
(x)((y)-Rxy

This time we have no choice but to instantiate a universal quantifier first. We could proceed as follows:

3.
((x)Rxa

1

4.
((y)-Ray
2

5.
Rba

3

6.
–Rac

4

but whatever we do, following the instantiation rule, there is no way to get fewer than three individual names into the instances, and no way to bring about an inconsistency. This is what we expected to find. (4) is not inconsistent.


Now to use Natural Deduction. Don’t get mixed up! First we try sentence (3). This time we want to start with just “((x)(y)Rxy” as a premise, and deduce “(y)((x)Rxy” from it. We already know how to instantiate quantifiers with instances, but clearly to reach the conclusion we are going to have to put quantifiers back on as well, a process known as generalisation. There are likely to be some problems with this, so we should first experiment on some trivially obvious cases such as the following:

(i)




(ii)

1.
(x)Fx



1.
(x)Fx

2.
Fa
1


2.
Fa
1

3.
(x)Fx
2


3.
((x)Fx
2

(iii)




(iv)

1. ((x)Fx



1.
((x)Fx

2. Fa
1


2.
Fa
1

3. ((x)Fx
2


3.
(x)Fx
2

Of these, (i), (ii) and (iii) are clearly correct deductions, but (iv) is certainly wrong. Universal generalisation is a dangerous step, for we have to be sure that it is a generalisation of an instance which could be any individual. An instance which came from existential instantiation cannot be any individual. On the other hand, existential generalisation is clearly always harmless. It is the combination of EI and UG (to use the obvious abbreviations) which is deadly.


We can avoid the problem by flagging the instance involved in EI or UG; that is, repeating the letter to the right of the line, as follows:

(i)




(ii)

1.
(x)Fx



1.
(x)Fx

2.
Fa
1


2.
Fa
1

3.
(x)Fx
2 a


3.
((x)Fx
2

(iii)




(iv)

1. ((x)Fx



1.
((x)Fx

2. Fa

1 a


2.
Fa
1 a

3. ((x)Fx
2


3.
(x)Fx
2 a

Case (iv) will be excluded if we adopt a policy of not flagging the same letter twice in the course of a deduction. Clearly a rule about Natural Deduction which must be learned by heart!


No letter may be flagged more than once in a deduction



Armed with that rule, we can go back to the deduction of sentence (3):

1.
((x)(y)Rxy

2.
(y)Ray

1 a

3.
Rab

2

4.
((x)Rxb

3

5.
(y)((x)Rxy
4 b

The rule has been followed, and the expected result obtained. Now sentence (4) should not be deducible:

1. (y)((x)Rxy

2. ((x)Rxa

1

3. Rba

2 b

4. (y)Rby

3 a

5. ((x)(y)Rxy
4

But unfortunately it seems to be! Two letters have been flagged, but only once each, so the problem must lie elsewhere. Close inspection shows us that in going from line 2 to line 3 above, the introduction of “b”, correctly flagged as a “special case”, somehow “infected” “a”. Certainly “b” has the relation “R” to “a”, as expressed in line 3, but we do not want to go from there to say that “b” has the relation “R” to everything, which is the meaning of line 4. The letter “a” also lost its status of standing for any individual when “b” was flagged. Flagging a letter has an effect on other free letters in the same line, where free is defined as “not bound”, and bound means “occurring within the scope of a quantifier containing the same letter”. Thus in line 1 above, both “x” and “y” are bound, while in line 2, “x” is bound but “a” is free.


The “infection” can be avoided by observing the following rule, which should also be committed to heart, although it is not so simple:


The flagged letter of any line must be alphabetically later than any free 

letter in the same line



This works because when a letter is flagged, the “infected” letters will all be alphabetically earlier. Because they are “infected”, they should not be flagged, and cannot be, as long as the rule is observed. After starting out a deduction with

1.
(y)((x)Rxy

2.
((x)Rxa

1

3.
Rba

2 b

the only way to continue is

4.
((x)Rxa

3

5.
(y)((x)Rxy
4 a

“a” can be flagged in line 5, because there is no longer any free letter for it to be alphabetically earlier than. Unfortunately the deduction, though correct, is trivial!


A brief pause here to consider some more notation, and a useful new approach to tautologies. Pretty soon we shall need the following tautology:

(((p . q) ( r) . ((p . q) ( s)) ( ((p . q) ( (r . s))

One difficulty with sentences like that is sorting out the brackets, which are not easy on the eye. In their pioneering work on logic, Principia Mathematica (1915), Whitehead and Russell developed an ingenious dot notation, which reduces the number of signs and is easier to take in at one glance, once you get used to it. Undoubtedly the germ of their idea was in algebraic notation, where “x multiplied by y” could be written as 

“x . y” or just “xy”. Just as “xy + z” can only mean “(x . y) + z” in algebra, so “pq ( r” could only be read as “(p . q) ( r” in the logical language. Using this idea would simplify the sentence above to

((pq ( r) . (pq ( s)) ( (pq ( rs)

The next step is a leap forward from algebraic notation – suppose we agree to read the sentence “p . q ( r” as “p . (q ( r)”, establishing a convention that a “zero dot and” is weaker than a connective, while a “one dot and” is stronger than a connective. Using this idea would remove further brackets from the example:

(pq ( r . pq ( s) ( (pq ( rs)

The “zero dot and”, “connective”, “one dot and” increase in power can be extended into a hierarchy, as the final cunning step:

n dot connective

n dot “and”

.


.

2 dot “and”
1 dot connective

1 dot “and”
0 dot connective

0 dot “and”
The meaning of “1 dot connective” etc. will become clear when the current example is given the final form

pq ( r . pq ( s .(. pq ( rs

Of course, connectives apart from “and” may have different numbers of dots on each side, as in for example

p ( q .(. r ( s : t :( r

That also provides an example of a 2 dot “and”.

Exercise 4  What would that last example look like in bracketed form?

A glance at Principia Mathematica shows that at times the number of dots in a sentence can become extreme also. Quine employs a sensible compromise in which dots are employed everywhere except for negation, quantifiers, and quantifier scope. Thus Quine would write

p ( q .(. r ( s :( -(p . q ( r)     and also    ((x)(Fx . Gx ( Hx) ,  for instance.

This ensures that there are neither too many brackets nor too many dots.


Turning now to establishing tautologies, note that “pq ( r . pq ( s .(. pq ( rs” contains four sentence variables, and would thus need a 24 = 16 line truth table, if we investigate it that way. Quine, yet again, has a better approach.


Any particular letter in a sentence can have one of two values, T or (. We consider just what happens with the two choices for one letter. It is often a matter of cunning to choose the first letter to try. The right hand sides of conditionals are often a good starting point, since a conditional works out true if its right hand side is true, regardless of the left hand side. (“Left hand side” and “right hand side” are more perspicuous terms than “protasis” and “apodosis”, so I will stick to them in future.) In the present case, let’s try “r” as a starting point. First we work out what happens when “r” is true, as follows:

pq ( r . pq ( s .(. pq ( rs

pq ( T . pq ( s .(. pq ( Ts

We note that “pq ( T” will be “T” whatever the values of “p” and “q”. On the right hand side of the main conditional, “Ts” will have the same truth value as just “s”. Thus the whole sentence boils down to

T . pq ( s .(. pq ( s

Here again, “T . something” boils down to just “something”, so now the sentence is reduced to

pq ( s .(. pq ( s

which is obviously “T”, no matter what the separate values of “p”, “q” and “s”. We have established that if “r” is true, the whole sentence is true, without bothering with all 8 cases separately. Now we try what happens when “r” is false. Firstly we get

pq ( ( . pq ( s .(. pq ( (s

A bit more tricky, but we note that “(s” will be “(” regardless of “s”, and that “pq ( (” will have the same value as “-(pq)”. The boiling down gives

-(pq) . pq ( s .(. pq ( (
which immediately reduces further to

-(pq) . pq ( s .(. –(pq)

“pq” occurs three times in this, and “s” only once. We therefore concentrate on “pq”. If “pq” is “T”, we get

-(T) . T ( s .(. –(T) ,  namely  ( . T ( s .(. ( , alias  ( ( ( , or T.

  If “pq” is “(”, then “-(pq)” is “T”, the right hand side of the conditional is “T”, so the whole conditional works out “T”. Thus in every case, the sentence is true, and is therefore a tautology. The whole working can be set out as:

pq ( r . pq ( s .(. pq ( rs

pq ( T . pq ( s .(. pq ( Ts

pq ( ( . pq ( s .(. pq ( (s

T . pq ( s .(. pq ( s


-(pq) . pq ( s .(. pq ( (
pq ( s .(. pq ( s



-(pq) . pq ( s .(. –(pq)

T



-(T) . T ( s .(. –(T)
-(() . ( ( s .(. –(()





( . T ( s .(. (

-(() . ( ( s .(. T




( ( ( 


T





T

The beauty of Quine’s method is that with practice, your workings can get shorter and shorter, as you get used to the more obvious short cuts. Thus in the above example, the experienced practitioner might skip all the crossed out lines, if not more:

pq ( r . pq ( s .(. pq ( rs

pq ( T . pq ( s .(. pq ( Ts

pq ( ( . pq ( s .(. pq ( (s

T . pq ( s .(. pq ( s


-(pq) . pq ( s .(. pq ( (
pq ( s .(. pq ( s



-(pq) . pq ( s .(. –(pq)

T



-(T) . T ( s .(. –(T)
-(() . ( ( s .(. –(()




( . T ( s .(. (

-(() . ( ( s .(. T




( ( ( 


T





T


With the new notation and a new method of detecting tautologies under our belts, let us go on to the topic of kinds of relations.

A relation R is said to be transitive if and only if the following holds:

(x)(y)(z)(Rxy . Ryz .( Rxz)

using the new notation, of course. If we restrict ourselves to the realm of human beings (among other things), then “is taller than” is obviously an example of a transitive relation.

A relation is said to be symmetric just if

(x)(y)(Rxy ( Ryx)

and for human beings (at least), “is the same height as” would be a symmetric relation.

Another kind of relation is the reflexive kind. We might jump to the conclusion that

(x)Rxx

would be the defining condition of a reflexive relation, but that would be going too far. Such relations are in fact totally reflexive. “Is the same height as” would again be an example among human beings, for of course everyone is the same height as herself or himself. On the other hand, “is a graduate of the same university as” is reflexive, for everyone who is a university graduate attended the same university as himself or herself; but not everyone is yet a university graduate. We need something like the following definition of reflexive:

(x)(y)(Rxy ( Ryx . ( . Rxx . Ryy)


It is easy enough to show that all transitive, symmetric relations are reflexive. First we do it by RaA, beginning with the following:

1.
(x)(y)(Rxy ( Ryx)

2.
(x)(y)(z)(Rxy . Ryz .( Rxz)

3.
((x)((y)(Rxy ( Ryx . –Rxx ( -Ryy)

The third line is of course the negation of the definition of reflexive. Make sure! Check what you have memorised about quantification and negation, and the important tautology  -(p ( q) (. p . –q

There are a number of quantifiers in the three lines which can be instantiated. Obviously there is a better chance of finding an inconsistency if we have the minimum number of different letters around. According to the rule, existential quantifiers have to be instantiated with new letters, so it is better to start with the two of those in line 3. After that there are only universal quantifiers, which can be instantiated as we please, so we may well be able to do with only two letters. If we started with a universal quantifier, we would need at least three letters, for the existential quantifiers would need instantiating with two more different ones. So instantiating line 3 all at once:

4.
Rab ( Rba . –Raa ( -Rbb

3

Now by instantiating line 2 in two different ways, we can obtain the various elements of line 4:

5.
Rab . Rba .( Raa


2

6.
Rba . Rab .( Rbb

2

The left hand sides of both 5 and 6 are the same, and if we could combine the right hand sides to get Raa . Rbb , this would be the negation of one part of the conjunction of line 4. In fact it looks very plausible that we could continue as follows:

7.
Rab . Rba .(. Raa . Rbb

5,6

The deduction we want to make has the pattern “pq ( r . pq ( s .(. pq ( rs”, which, by remarkable coincidence, was proved to be a tautology by Quine’s method before. Thus the deduction providing line 7 is correct. Now we proceed to

8.
-Rab ( -Rba


4,7

remembering de Morgan’s Laws and the tautology “p ( q .(. –q ( -p”!

Now we try to relate “Rab” and “Rba” more closely by instantiating line 1:

9.
Rab ( Rba


1

10.
Rba ( Rab


1

11.
Rab ( Rba


9,10

What tautology justifies the step to line 11?
Since line 4 states “Rab ( Rba” it looks plausible to continue like this:

12.
Rab . Rba


4,11

13.
   (



8,12

We want to feel really happy about the deduction of line 12, though, so make sure!

Exercise 5
What tautology would justify the deduction of line 12? Prove it using Quine’s method.


It is also instructive to use Natural Deduction to prove that all transitive symmetric relations are reflexive. Work through the deduction and try to appreciate how it is accomplished:

1.
(x)(y)(Rxy ( Ryx)

2.
(x)(y)(z)(Rxy . Ryz .( Rxz)

3.
Rab . Rba .( Raa



2

4.
Rba . Rab .( Rbb


2

5.
Rab . Rba .(. Raa . Rbb


3,4

6.
Rab ( Rba



1

7.
Rba ( Rab



1

8.
Rab ( Rba



6,7

9.
Rab ( Rba .(. Raa . Rbb


5,8

10.
(y)(Ray ( Rya .(. Raa . Ryy)

9  b

11.
(x)(y)(Rxy ( Ryx .(. Rxx . Ryy)

10 a

How confident are you about the step from lines 5 and 8 to line 9? Convince yourselves with the following exercise:

Exercise 6
What tautology would justify the deduction of line 9? Prove it using Quine’s method.


A very special and important relation is the one known as identity. The sentence “a = b”, read “a is identical to b” means no more and no less than that “a” and “b” are two names for the same individual. Be careful in reading it: the sign “=” is of course the same as the one used for “equals” in algebra, and it has a similar use. But do not read it as equals – this one is always “is identical to”!

As to the special features of identity, note first that “a = b” really does represent a relation between “a” and “b”. If we followed the usual notation for relations, it would be written “=ab”, but the familiar way of writing is adopted as an irregularity in the logical language. The other features of identity can be summed up by the following two axioms:


Axiom 1:
(x)(x = x)


Axiom 2:
(x)(y)(Fx . x = y .( Fy)

The first axiom just expresses the fact that identity is totally reflexive. The second is generally known as Leibniz’ Law, after the German philosopher and mathematician Gottfried Leibniz (1646 – 1716), who stressed its importance. The axiom says that if any individual x has any property F, and x is identical to y, then y must have the same property.


The axioms seem to be enough to establish all the properties we would expect identity to have. For instance, we can easily use them to establish that identity is transitive, using RaA:

1.
(x)(x = x)

2.
(x)(y)(Fx . x = y .( Fy)

3.
((x)((y)((z)(x = y . y = z . x ( z)

Where does line 3 come from? Notice the convenient alternative “x ( z” instead of 

“-(x = z)”, as would be expected given the notation so far. The three existential quantifiers should be instantiated first:

4.
a = b . b = c . a ( c

3

5.
Fb . b = c . ( Fc


2

The property F can be anything we like, and a suitable choice might make line 5 precisely the negation of line 4, giving the inconsistency we need. The right property could be roughly expressed as “a =”, so that “Fb” would become “a = b” and so on. There is a useful notation for this kind of thing, called (-notation. In this notation, the property we need to replace F would be written as  ((x)(a = x). The variable “x” shows exactly where the individual letter should be placed in order to form the complete sentence. Thus  ((x)(a = x)b  means  a = b. The letter b replaces the variable x. Using the new notation, we can continue the reductio as follows:

6.
((x)(a = x)b . b = c . ( ((x)(a = x)c
5

7.
a = b . b = c . ( . a = c


6

8.

(



4,7

So the transitivity of identity does follow from the axioms.

Exercise 7
Use Natural Deduction to prove the transitivity of identity.

It is also quite straightforward to show that identity is a symmetric relation, namely that (x)(y)(x = y . ( . y = x) follows from the axioms. Here is a proof by ND:
1.
(x)(x = x)

2.
(x)(y)(Fx . x = y .( Fy)

3.
Fa . a = b . ( Fb



2
4.
((x)(x = a)a . a = b . ( ((x)(x = a)b
3
5.
a = a . a = b . ( . b = a


4
6.
a = a




1
7.
a = b . ( . b = a



5,6
8.
(y)(a = y . ( . y = a)


7 b
9.
(x)(y)(x = y . ( . y = x)


8 a
Exercise 8
Use RaA to prove the symmetry of identity. You should find that the same substitution for F will do the trick here too.

Notice that in demonstrating the transitivity of identity the first axiom is not needed. Leibniz’ Law alone is enough for the proof by RaA above, and it should have been enough for your proof by ND in Exercise 7!
The first axiom states that identity is totally reflexive, so obviously it is reflexive. In any case, we already know that all transitive, symmetric relations are reflexive. No extra proof is necessary.

While on the topic of reflexivity, however, it is time to clear up a deliberate mistake of mine on page 17. There, the definition of reflexive relation was given as

(x)(y)(Rxy ( Ryx . ( . Rxx . Ryy)

This is actually unnecessarily complicated. The following simpler definition is quite good enough:

(x)(y)(Rxy ( . Rxx . Ryy)

Of course we should prove this. Below RaA is used to show that the new definition implies the old:

1.
(x)(y)(Rxy ( . Rxx . Ryy)

2.
((x)((y)(Rxy ( Ryx . -Rxx ( -Ryy)

3.
Rab ( Rba . -Raa ( -Rbb


2

4.
Rab ( . Raa . Rbb


1

5.
-Rab




3,4

6.
Rba ( . Rbb . Raa


1

7.
-Rba




3,6

8.
-Rab . –Rba



5,7

9.
     (




3,8

This proof illustrates a frequently useful trick in instantiating. Quantifiers can be instantiated as many times as we like in a proof. In this one, it was essential to instantiate line 1 in two different ways. The same trick is also useful when we come to prove the same thing using ND:

1.
(x)(y)(Rxy ( . Rxx . Ryy)

2.
Rab ( . Raa . Rbb


1

3.
Rba ( . Rbb . Raa


1

4.
Rab ( Rba . ( . Raa . Rbb


2,3

5.
(y)(Ray ( Rya . ( . Raa . Ryy)

4 b

6.
(x)(y)(Rxy ( Ryx . ( . Rxx . Ryy)

5 a

Exercise 9
Use RaA and ND to show that the old definition implies the new also – i.e. that the two definitions are equivalent.

Symbolic logic was originally devised to explore the relationship between logic and mathematics. The methods we have developed so far bring us surprisingly close to the beginnings of arithmetic, for now that we have identity, we can make the following definitions:

1m(F) ( ((x)Fx

2m(F) ( ((x)((y)(Fx . Fy . x ( y)

etc.

Here 1m(F) means “at least one individual is F”, 2m(F) means “at least two individuals are F” and so on. This illustration is due to Rudolf Carnap, who wrote in German, where the expression for “at least” is “mindestens”. Of course for arithmetic it would be better to have expressions for “exactly one”, “exactly two” and so on. But now we have “at least” it is easy to make a short step to “exactly”:

1(F) ( . 1m(F) . –2m(F) , 2(F) ( . 2m(F) . –3m(F) ,  and so on.

We are not particularly interested in arithmetic, but “exactly one” is a concept often used in human languages, so we should explore that further. We note that

1(F) ( . 1m(F) . –2m(F)

is equivalent to putting

1(F) ( : ((x)Fx . -((x)((y)(Fx . Fy . x ( y)   or

1(F) ( : ((x)Fx . (x)(y)(-Fx ( -Fy ( x = y)   or more perspicuously

1(F) ( : ((x)Fx . (x)(y)(Fx . Fy . ( . x = y)

This is somehow clear. The first part of the conjunction says that at least one individual is F, the second part says that if two or more individuals appear to be F, then they are actually identical, that is, we have a case of one individual with at least two names.

There is a much briefer expression for 1(F), namely

((y)(x)(Fx ( . x = y)

but it is not so clear why that expression works. It is useful to show that the two expressions are equivalent, not only to satisfy ourselves that they really are, but also because the proofs illustrate some new points about RaA and ND. Firstly RaA going one way:
1.
((y)(x)(Fx ( . x = y)

2.
(x)-Fx ( ((x)((y)(Fx . Fy . x ( y)

The second premise here is an alternation. In such a case it is often useful to divide the proof into two or more branches, one branch for each part of the alternation. If the premises are indeed inconsistent, then each branch should end in an inconsistency. In the present case there are two branches, and the proof can proceed as follows, with line 2 repeated for convenience:

2.
(x)-Fx ( ((x)((y)(Fx . Fy . x ( y)


3.
(x)-Fx

2

8.
((x)((y)(Fx . Fy . x ( y)
2

4.
Fa ( . a = a
1

9.
Fa . Fb . a ( b

8

5.
Fa

4

10.
(x)(Fx ( . x = c)

1

6.
-Fa

3

11.
Fa ( . a = c

10

7.
 (

5,6

12.
Fb ( . b = c

10






13.
a = c


9,11






14.
b = c


9,12






15.
a = b


13,14






16.
  (


9,15

Notice a convenient way of numbering.

Exercise 10
Use RaA to show the implication the other way, and complete the demonstration of equivalence.

Now for the same proof by ND:

1.
((y)(x)(Fx ( . x = y)

2.
(x)(Fx ( . x = a)

1 a

3.
Fa ( . a = a

2

4.
Fa


3

5.
((x)Fx


4

6.
Fb ( . b = a

2

7.
Fc ( . c = a

2

8.
-(Fb . Fc) ( . Fb . Fc
tautology




9.   Fb . Fc



10.  b = a . c = a  6,7,9



11.  b = c        10


12.
-(Fb . Fc) ( . b = c

13.
Fb . Fc . ( . b = c


12

14.
(y)(Fb . Fy . ( . b = y)

13 c

15.
(x)(y)(Fx . Fy . ( . x = y)

14 b

16.
((x)Fx . (x)(y)(Fx . Fy . ( . x = y)
5,15

That proof illustrates a convenient use of branching in ND. It is inspired by the tautology


-p ( q . -p ( -r . q ( s . ( . -r ( s

Exercise 11
Prove this tautology!


In the case of ND, the tautology justifies us in dividing an alternation into parts, deducing something from each part, and then recombining the deduced items into a new alternation. The negations are included in the tautology because generally we are interested in implications rather than alternations, and will want to make use of the fact that –p ( q is equivalent to p ( q, as indeed we did above in going from line 12 to line 13. In the proof above we did not actually deduce anything from the left hand side of the alternation, but just left it as it was. In such a case it might be convenient to abbreviate the proof, as long as we are careful to remember that the shortened version can only be used when nothing is deduced from the left hand side of the implication:
1.
((y)(x)(Fx ( . x = y)

2.
(x)(Fx ( . x = a)

1 a

3.
Fa ( . a = a

2

4.
Fa


3

5.
((x)Fx


4

6.
Fb ( . b = a

2

7.
Fc ( . c = a

2

8.
Fb . Fc . ( . Fb . Fc
tautology




9.   Fb . Fc



10.  b = a . c = a  6,7,9



11.  b = c        10


12.
Fb . Fc . ( . b = c

13.
(y)(Fb . Fy . ( . b = y)

12 c

14.
(x)(y)(Fx . Fy . ( . x = y)

13 b

15.
((x)Fx . (x)(y)(Fx . Fy . ( . x = y)
5,14
Exercise 12
Needless to say, this exercise is to use ND to show the implication the other way. (Hint: a bit of branching will be necessary.)

Another point to notice is that properties of identity have been used somewhat casually in the proofs above. Thus in the previous one, b = c has been deduced directly from b = a . c = a. Strictly speaking, the axioms of identity, or at least a theorem proved from them should have been used. Instead of jumping directly from line 10 to line 11, something like the following should have appeared:


10.  b = a . c = a  


6,7,9


12.  (x)(y)(z)(x = y . z = y . ( . x = z)
theorem


13.  b = a . c = a . ( . b = c

12


14.  b = c



10,13

and the later lines of the proof should have been renumbered accordingly.


It looks as if the theorem needed above should follow easily from the transitivity and symmetry of identity. The following may appear to be a convincing ND proof of it:
1.
(x)(y)(z)(x = y . y = z . ( . x = z)

transitivity
2.
(x)(y)(x = y . ( . y = x)


symmetry
3.
a = b . b = c . ( . a = c


1
4.
b = c . ( . c = b



2
5.
a = b . c = b . ( . a = c


3,4
6.
(z)(a = b . z = b . ( . a = z)

5 c
7.
(y)(z)(a = y . z = y . ( . a = z)

6 b
8.
(x)(y)(z)(x = y . z = y . ( . x = z)

7 a
but it is not correct! In deducing line 5 from lines 3 and 4, the following must have been used as a tautology:


pq ( r . q ( s . ( . ps ( r
Yet plausible though it looks, it is not a tautology! The following is, however:


pq ( r . q ( s . ( . ps ( r

and it can be used in a proof of the theorem, with other adjustments:
1.
(x)(y)(z)(x = y . y = z . ( . x = z)

transitivity
2.
(x)(y)(x = y . ( . y = x)


symmetry
3.
a = b . b = c . ( . a = c


1
4.
b = c . ( . c = b



2
5.
c = b . ( . b = c



2
6.
b = c . ( . c = b



4,5
7.
a = b . c = b . ( . a = c


3,6
8.
(z)(a = b . z = b . ( . a = z)

7 c
9.
(y)(z)(a = y . z = y . ( . a = z)

8 b
10.
(x)(y)(z)(x = y . z = y . ( . x = z)

9 a

You might wonder whether quite a lot of trouble might not be saved by defining the symmetry of a relation R as (x)(y)(Rxy ( Ryx) instead of just
(x)(y)(Rxy ( Ryx). But it is a principle in symbolic logic that a definition should not contain anything that could be proved from a different statement of the definition. Definitions must be really basic in that sense. The same principle goes for axioms: an axiom should not contain anything that could be proved from a different version of the axiom. Actually axioms and definitions have a certain amount in common: axioms are assumed to be true, while definitions are asserted to be true.
Exercise 13
Show that pq ( r . q ( s . ( . ps ( r is not a tautology but that


pq ( r . q ( s . ( . ps ( r is.
Exercise 14
Use RaA to prove (x)(y)(z)(x = y . z = y . ( . x = z)

You will have noticed that when Leibniz’ law is used in proofs the F generally needs to be replaced by some predicate suitable to the particular case. So why not just generalise and write the law as


(F)(x)(y)(Fx . x = y .( Fy)

?

This would clearly show that any predicate could be substituted for F. But if we do decide to quantify over predicates, then we might actually try to define identity as follows:


(x)(y)[x = y . ( (F)(Fx ( Fy)]

But before proceeding with it, it might be a good idea to work out some more reasonable notation. Up to now F and G have been used as instances of one place predicates, but not as variables. It might be best to keep them in their role as instances, and to introduce X, Y, Z as variables over predicates. In that case, the generalisation of Leibniz’ law would appear as

(X)(x)(y)(Xx . x = y .( Xy)
and the definition of identity as


(x)(y)[x = y . ( (X)(Xx ( Xy)]
Now in that definition we can see that the universal quantifier over predicates plays an essential part: x and y must agree in every single predicate if they are to be identical. In the case of Leibniz’ law, it is not the totality of predicates that is stressed, just the possibility of replacing X with any predicate. Also of course if we can universally quantify over predicates, we can existentially quantify also, and state sentences that cannot be expressed at all without quantification over predicates, for instance ((X)(x)Xx, i.e. there is at least one property which every individual has.

That can be demonstrated easily enough by RaA:

1.
(X)((x)-Xx

2.
((x)-(λy)(Fy ( -Fy)x

1

3.
-(λy)(Fy ( -Fy)a


2

4.
-(Fa ( -Fa)


3

5.
-Fa . Fa



4

6.
    (



5


Before thinking of any ND equivalent of that proof, it will be instructive to look at Natural Deduction again from first principles. Up to now, using ND has been a matter of following some not very intuitive rules. Let’s go back right to the classic example, demonstrating the validity of

((x)(y)Rxy ( (y)((x)Rxy
Obviously the first step is to instantiate the existential quantifier that begins ((x)(y)Rxy. Suppose we do so in this way:




((x)(y)Rxy





(y)Ray

(y)Rby

The branches are meant to indicate alternatives, as they have done in previous examples. If ((x)(y)Rxy, then either the individual a has the R relation to all, or b does, or some others maybe, as indicated by the branch on the right, which goes to no particular destination. Now the universal quantifier in each branch can be instantiated as we please. We proceed like this:




((x)(y)Rxy





(y)Ray

(y)Rby




Rac

Rbc

Perhaps doing the same in other branches too. We notice now that Rac ( ((x)Rxc is logically true, for it is impossible for the right hand side to be false while the left hand side is true. This only works for existential quantification, of course: in Rac ( (x)Rxc the left hand side may well be true while the right is false. Bearing that in mind, we can continue the ND above as follows:




((x)(y)Rxy





(y)Ray

(y)Rby




Rac

Rbc




((x)Rxc

((x)Rxc
Now the last line of every alternative is exactly the same, so we can collapse the whole thing:




((x)(y)Rxy





(y)Ray

(y)Rby




Rac

Rbc




((x)Rxc

((x)Rxc






((x)Rxc
Only one branch is left, and it contains the letter “c”. Since we arranged things so that alternations arising from EI would have different letters, “c” could only be present in every one if it came from UI, as indeed it does. This means we can universally quantify now, and complete the deduction thus:




((x)(y)Rxy





(y)Ray

(y)Rby




Rac

Rbc




((x)Rxc

((x)Rxc






((x)Rxc




(y)((x)Rxy

Complete, that is, apart from line numbers and so on. Now observe the start of another ND:




(y)((x)Rxy




((x)Rxa





Rba

Rca
This could be followed by EG on both branches, causing them to become ((x)Rxa, but that would just be taking us back to the starting point. The only way to reverse quantifiers with x and y would be to proceed as follows:




(y)((x)Rxy





((x)Rxa





Rba

Rca




((y)Rby

((y)Rcy




((x)((y)Rxy
((x)((y)Rxy





((x)((y)Rxy

Only two alternatives are shown there, but we must bear in mind that there could always be others.


That way of doing ND supersedes both flagging and the alphabet rule. Also it links instantiation with alternation in a way that can prove useful. As a first illustration of the usefulness, let’s go back to the sentence ((X)(x)Xx, whose validity was proved by RaA before. We might think of starting the ND proof with the tautology Fa ( -Fa, going on to deal with each branch of the alternation separately and remembering that only EG may be used in parallel branches:
1.
Fa
(
-Fa

tautology

2.
((X)Xa  1

3.
((X)Xa  1
F and –F are both predicates, so may be existentially quantified, and, of course,
Fa ( ((X)Xa is logically true. Needless to say, the next steps are as follows:

4.
((X)Xa

2,3

5.
(x)((X)Xx
4

Once the final lines are the same, the alternation can collapse into one line, 4, and then a can be universally generalised, since in line 1 a was in a tautology and thus could have named any individual. We have deduced (x)((X)Xx from tautology, so that sentence itself must be logically true.

Unfortunately it is not exactly what we wanted: the logical truth of ((X)(x)Xx. Unfortunately too we cannot reach it starting with (x)((X)Xx like this:
1.
(x)((X)Xx
2.
((X)Xa

1

2.
Fa
2

Ga
2
For now that there are separate branches, there can be no UG on a, as we would like. Indeed this difficulty is analogous to the “everyone is loved by someone” problem, as you can easily appreciate. Luckily there is something we can do with predicates that we cannot with individual names:
1.
Fa
(
-Fa

tautology

2.
((y)(Fy ( -Fy)a


1
3.
(x)((y)(Fy ( -Fy)x

2
4.
((X)(x)Xx


3

(-expressions come to the rescue. Going from line 1 to line 2 is a way of collapsing the alternation and leaving just one occurrence of a. This a could be any individual, so UG is possible as in line 3. The last step is the least obvious, EG over the predicate. But ((y)(Fy ( -Fy) is a predicate true of all individuals, which obviously not all predicates are. We can see that (x)Fx ( ((X)(x)Xx is true, because the if the left hand side is true, so must the right be. But in the case of (x)Fx ( (X)(x)Xx the right hand side is certainly false, even when the left hand side is true. That justifies deducing line 4 in the proof above, and asserting that ((X)(x)Xx is indeed logically true.
Exercise 15
Use ND to show that ((X)((x)Xx and  ((x)((X)Xx are both logically

 true.
Here is another example of the new version of ND:

1.
-Fa 
( 
Fa

tautology


2.


((x)Fx

1

3.
Fa  (  ((x)Fx


1,2
4.
(y)(Fy  (  ((x)Fx)

3
5.
(X)(y)(Xy  (  ((x)Xx)

4
The two branches collapse in line 3, and the alternation is changed to a conditional. You can check that the rules have been observed.

Exercise 16
Use RaA to convince yourself that (X)(y)(Xy  (  ((x)Xx) is indeed logically true.

One more example:

1.
-Fa
(
Fa

tautology


2.  –Fa         1

5.  Fa          1
3.  ((x)-Fx      2

6.  ((x)Fx      5

4.  ((X)((x)-Xx   3

7.  ((X)((x)Xx  6


8.
((X)((x)-Xx  (  ((X)((x)Xx

Exercise 17
Check the result above by RaA. Then work out a similar ND proof of (X)[((x)-Xx ( ((x)Xx] and check it by RaA.

Now back to the definition of identity. If it is really satisfactory, then it should be equivalent to the conjunction of the two axioms. First let us use RaA to show that the axioms do imply the truth of the definition:

1.
(x)(x = x)

2.
(X)(x)(y)(x = y . Xx . ( Xy)

3.
((x)((y)[x = y . ((X)(Xx ( -Xy) . ( . x ≠ y . (X)(Xx ( Xy)]

4.
a = b . ((X)(Xa ( -Xb) . ( . a ≠ b . (X)(Xa ( Xb)


3


5.  a = b



15.  a ≠ b

6.  ((X)(Xa ( -Xb)


16.  (X)(Xa ( Xb)

7.  Fa ( -Fb

6

17.  (λx)(a ≠ x)a ( (λx)(a ≠ x)b 16

8.  a = b . Fa . ( Fb
2

18.  a ≠ a . ( . a ≠ b

17

9.  Fa ( Fb

5,8

19.  a ≠ a


15,18

10. b = a . Fb . ( Fa
2

20.  a = a


1

11. b = a


5

21.   (



19,20

12. Fb ( Fa

10,11

13. Fa ( Fb

9,12

14.   (


7,13

Notice that in deducing Line 11 from Line 5, the symmetry of identity was tacitly invoked. Next a proof by ND:
1.
(x)(x = x)

2.
(X)(x)(y)(x = y . Xx . ( Xy)

3.
a = b . ( . a = b


tautology


4.


a = b



3

5.


(X)(x)(y)(x = y . Xx . ( Xy)
2
6.


a = b . Fa . ( Fb


5
7.


Fa ( Fb


4,6

8.


b = a



4, symmetry
9.


b = a . Fb . ( Fa


5
10.


Fb ( Fa



8,9
11.


Fa ( Fb



7,10
12.


(X)(Xa ( Xb)


10

13.
a = b . ( (X)(Xa ( Xb)



3,12
14.
(X)(Xa ( Xb) ( (X)(Xa ( Xb)


tautology


15.


(X)(Xa ( Xb)

   
14
16.


(λx)(a = x)a ( (λx)(a = x)b
15
17.


a = a . ( . a = b


16
18.


a = a



1

19.


a = b



17,18

20.
(X)(Xa ( Xb) ( . a = b



14,19
21.
a = b . ( (X)(Xa ( Xb)



13,20
22.
(x)(y)[x = y . ( (X)(Xx ( Xy)]


21
The UG in line 12 is justified because F only occurs in one branch.

Next we need to show that the definition of identity implies the axioms. We can deal with each axiom separately. Firstly, let us show by RaA that Leibniz’ Law follows from the definition:

1.
(x)(y)[x = y . ( (X)(Xx ( Xy)]

2.
((X)((x)((y)(Xx . x = y . –Xy)

3.
Fa . a = b . –Fb



2

4.
a = b . ( (X)(Xa ( Xb)


1

5.
(X)(Xa ( Xb)



3,4

6.
Fa ( Fb




5

7.
Fb




3,6

8.
 (




3,7

Most straightforward. Now the same by ND:

1.
(x)(y)[x = y . ( (X)(Xx ( Xy)]

2.
Fa . a = b . ( . Fa . a = b


tautology


3.


Fa . a = b

2
4.


a = b . ( (X)(Xa ( Xb)
1

5.


(X)(Xa ( Xb)

3,4

6.


Fa ( Fb


5

7.


Fb


3,6


8.
Fa . a = b . ( Fb



2,7
9.
(X)(x)(y)(x = y . Xx . ( Xy)

8

Also quite straightforward. Even more straightforward should be

Exercise 18
Use RaA and ND to show that the definition of identity implies

(x)(x = x)
