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Abstract: Nested Generalized Exemplar (NGE) theory is an adopted for implementing distance and generalization. Section
incremental form of inductive learning from examples. This 4 describes the details of the FNGE prototype system by
paper presents a Fuzzy NGE learning system which inducesdescribing the functional and operational aspects of its three
fuzzy hypotheses from a set of examples described by fuzzy main modules. Section 5 highlights some empirical results
attributes and a crisp class. It presents and discusses the maibtained by testing FNGE in five different domains and finally,

concepts which supported the development of this system. Anin Section 6 we present the final remarks.

empirical evaluation of the FNGE prototype system is given.
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domains, exemplar-based learning. Nested Generalized Exemplar theory is a learning paradigm
based on class exemplars, where an induced hypothesis has th
1 INTRODUCTION graphical shape of a set of hyperrectangles in a n-dimensional
Euclidean space. Exemplars of classes are either

One of the most widely adopted and studied paradigms for pyperrectangles or single training instances, i.e. points known
concept learning is known as inductive learning from gag trivial hyperrectangles.

examples. In this paradigm the learning task consists of
building a general concept description, or hypotheses, from a The input to a NGE system is a set of training examples,
given set of instances and non-instances of the concept, knownpresented incrementally, each described as a vector of numeric
as training set. feature/value pairs and an associated class. NGE generalizes a
_ ) o ) ) ) initial user-defined set of points, or seeds, expanding them
With few exceptions, existing inductive machine leaming ajong one or more dimensions as new training examples are
systems are non-incremental, i.e. the training set must be presented. The choice of which hyperrectangle to generalize
available to the system at the beginning of the learning process; gepends on a distance metric. In a universe where the attribute:
the expression of the concept is induced by considering all the paye crisp values, such a metric is a weighted Euclidean

examples at once. If by any chance new training instances gistance, either point-to-point or point-to-hyperrectangle.
become available after the learning process has already started,

the only possible way to incorporate them into the expression NGE initializes the learning process by randomly picking a
of the concept is to start the whole learning process again, fromuser-defined number of seeds and transforming them into
scratch, using the updated training set. In this kind of exemplars; the seeds become virtual hyperrectangles and are
environment, an ideal learning system could modify online the collectively the initial expression of the concept. Then for each
expression of a concept as new training instances are presentechew training instance &, NGE finds among all
A new training instance can potentially bring about a hyperrectangles built to date, the closestQ,Hoseszand the
rearrangement of the current expression of the concept, second closest, ddesz These are the candidates to be
although constraints on the extent of the arrangement may begeneralized. If k,, and Hsest1have the same classgdgtsuis
desirable. expanded to include g, a process called generalization;

] otherwise the class comparison will take place betwegh E
Nested Generalized Exemplar (NGE) theory [Salzberg (1991)] gng Hiosesiz If they have the same class, NGE will specialize
is an incremental _form of indu_ctive learning from examples Heoses reducing its size by moving its edges away from,E
that can be considered a variant of the nearest neighbourgg that Hoseszbecomes the closer of the two tJEalong that
pattern classification [Cover (1967)]. This paper presents dimension, and stretchinggblesoto make it absorb &, If the
FNGE, a learning system based on a fuzzy version of the NGE, ¢|a55 of E.. differs from the classes of bothgtes: and

describes its main modules and discusses some empiricaly, . E ., itself becomes a new exemplar, assuming the
results from its use in public domains. Section 2 introduces the shape of a trivial hyperrectangle.

main ideas of the NGE paradigm. Section 3 presents the Fuzzy
NGE algorithm [Nicoletti (1996)] and the two fuzzy functions
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3 FUZZY NGE ALGORITHM For both attribute and exemplar weights the default value of
) ) ) ) 0.005 is used as the adjustment constant. This is an arbitrarily
The Fuzzy NGE algorithm is a constructive version of the NGE -hosen low value that aims to prevent weights from reaching
algorithm suitable for Iearning. in fuzzy domains, i.e. domains high values. The lowest value a weight can reach is 0. After
of vague concepts expressed in natural language. The example$eaching 0, it remains 0 unless the attribute starts to provide
in the training set are described byfuzzy attributes and an jrformation for helping classification. The same policy is
associated crisp class. Each attribute is described by a linguisticagopted for exemplar weights. Although attribute and exemplar

variable that can assume different linguistic values. Each weights have a lower limit of 0, an upper limit does not exist
linguistic value is represented by a fuzzy set. for either of them.

Fuzzy NGE differs from the NGE mainly in the functions used
for choosing the closest exemplar to the new example and for _ _
generalizing it. Like the NGE algorithm, the Fuzzy NGE Of fiin the exemplar H and example E, respectively. In order to
algorithm initializes the learning process by picking a number adjust the weight of each attribute, Fuzzy NGE evaluates the
of seeds and transforming them into fuzzy exemplars. These degree in which the fuzzy set that descriligs is contained
seeds are chosen at random from the training set and, as i, the fuzz
NGE, its number is determined by the user. The learning phase

of Fuzzy NGE consists of two consecutive steps: choosing the Systém adopts a heuristic based on the fuzzy measure of
best exemplar and then generalizing it. certainty between the fuzzy sets which describe the new

example and each of the exemplars for each attribute,lf E
and H are generically described by the expressions (1) and (2),

For a certain attribute, flet Hy, and Ey; represent the values

y set that describddy; . In order to do that, the

3.1 Choosing the Best Exemplar then forj=1,...,n
Given the new training example, s the Fuzzy NGE cerfv. » |[v. - ]=miny[v. » OV. ] (5)
algorithm evaluates the proximity of.& to all available Pj ~IPj Pj 1P

exemplars built to date in order to choose the closest two. To ) . :
do that we propose a weighted distance measure based on thd "€ adjustment of an attribute weigh, follows the rule
possibility measure between the fuzzy sets that descrije E showed in Table 1 (the value 0.8 has been empirically
and H, for each existing attribute. Let us assume that associateddetermined). Table 2 shows the proposed policy for exemplar
with each fuzzy attribute,K1< k < n), there existifuzzy sets. weight adjustment.

These will be noted by/jpj , Where I< j<nand K p<ij.

Let E,w and a generic exemplar H be described respectively If class (E) = class (H)

by: then
y: for eachf; do
Enew =[Vas Von VapsVp, ) 1) if cert (H,| E;) 2 0.8thenw; = w;, + 0.005
elsewfi =W - 0.005
H=[v, »,V_ " ,V_ ",V o] (2) else
11" 2p2" 3p3 NPn for eachf; do

if cert (H | ;)= 0.8thenw; = w; - 0.005

where p’. and p” are two instances ofd p <ij, for 1<j<n.
] ] -
elsewfi =w + 0.005

The attribute-to-attribute distance metric between them will be

defined as the measure of possibility between the Table 1. Adjustment of attribute weights
corresponding fuzzy sets associated with each feature that
describes ewand H, i.e, forj=1,...,n Class of| Class of Weight of Exemplar
. W= . " H H
pOSﬁ:Vjpj lVJpJ] maxx[vjpj DVjpj] 3) closestl closest2

Class = N Hclosestl: Wy =Wy + 0.05
The next step towards calculating the distance betwggh E Heosest2: WH remains the same
and H is to combine all the individual attribute-to-attribute of # = Helosests: Wi = Wi - 0.05
distances into a single number. To do that these individual Helosestz: Wiy = Wy + 0.05
attribute-to-attribute  distances are weighted using the New £ £ Heiosests: Wi = Wy - 0.05
corresponding attribute weight. So thweighted attribute-to- Example Heiosest2: Wi = Wiy - 0.05
attribute proximity; is defined as follows:

n( q | Jxweight_at;) Table 2. Adjustment of exemplar weights
osqv. ' |v. »]xwei at;
GO jpj oy WA | o |
4) Using the measures of proximities, weighted by attribute and
n by exemplar weights, the Fuzzy NGE defines the first and

After that the obtained value is weighted by the weight of the S€cond closest exemplars Qe identified by the names
exemplar. Weights are dynamically modified during the Heosesu@Nd Hiosesta @and starts the generalization step.
learning phase. Attribute weights are always updated for both

Heiosestz @8N0 Hioseste The only exception to this rule is when 3.2  Generalizing the Exemplar

Heosestt Classifies the example correctly and consequently

Heosest2iS NOt used; in this case, onlydskey has its attribute The ngzy NG!E algorithm behaves exactly as the original
weights updated. NGE, in how it chooses betweengdstsy and Hygsestz tO

generalize. The process of generalizing an exemplar H using an
example E.,, can be described as an absorption @f, By H,
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which is accomplished by “extending” the limits of the
exemplar in order to include the example. The fuzzy version

4.1 The Attribute Definition Module

will generalize an exemplar through generalizing the fuzzy sets 1hrough this module the user provides the system with: (a) the

associated with the attributes used to describe bqthaled H.
So, if Eew and a generic exemplar H are described by the

number of attributes which describe the examples in the
training set; (b) all the possible attribute linguistic values which

previous expressions (1) and (2) respectively, the generalized®Xist in the training set; (c) the fuzzy set associated with each

expression of H will be given by the union of the fuzzy sets
associated to each attribute, ipFand H, i.e.:

[lel Dlei, 1p"2,...,V. ' DVjp'r']] (6)

v, Qv
1po Pn

possible attribute linguistic value; (d) the number of elements

and the elements themselves that constitute the universal se
(provided it is finite and discrete). The last three items are

given as an ASCII file, as shown in Figure 2, where each of its

records has the syntaxnsmber of elements in the universal

As commented earlier in this paper, at the beginning of the Set, linguistic value, list of the elements of the universal set, list
learning process (Section 3.1), associated to each attripute F of membership function values for the elements of the universal

(1 < k < n) there existifuzzy sets. The number ¢an increase

when new fuzzy sets are created during the generalization
process. This gives the system its constructive characteristic.
The pseudocode of the Fuzzy NGE learning phase is described
in Figure 1.

for each new training example Eyey do
begin
weights of attributes = 1
weight of exemplar = 1
for each existing exemplar H do
begin
 determine the attribute-to-attribute distance between Ejew
and H, using the concept of possibility between fuzzy sets
to compute distances
» weight each attribute-to-attribute
corresponding weight of the attribute
« calculate the mean value of these distances
» calculate the final distance by weighting the mean value
using the corresponding weight of the exemplar
end
choose the two closest
naming them Hclosestl and HclosestZ
if Enew and Heiosesn have the same crisp class
then
begin
» generalize Hgosesu With Epew Using union of fuzzy sets for
each attribute value
 update weights of attributes and the weight of Hejosest1
end
else
if Enew and Heiosestz have the same crisp class
then
begin
» generalize Heiosestz With Enew, using union of fuzzy sets for
each attribute value
» update the weights of attributes, and the weights of
Hclosestl and HclosestZH
end
else
begin
* store Enew into a new exemplar
» update the weights of attributes, and the weights of
Hclosestl and Hclosestz
end
end

distance the

by

exemplars  to Enew,

Figure 1. Pseudocode of the Fuzzy NGE Algorithm

4 FUZZY NGE PROTOTYPE SYSTEM

The Fuzzy NGE algorithm has been implemented as a
prototype system called FNGE. Its three main modules,
identified asAttribute Definition Training and Classification
Modulesare described next.

seb.

6,low,150,160,170,180,190,200,1,0.8,0.2,0,0,0
6,tall,150,160,170,180,190,200,0,0,0.2,0.5,1,1

7,light,40,50,60,70,80,90,100,1,1,0.8,0.5,0.1,0,0
7,heavy,40,50,60,70,80,90,100,0,0,0,0,0.1,0.8,1
7,very heavy,40,50,60,70,80,90,100,1,1,0.64,0.25,0.01,0,0
7 little educated,0,1,2,3,4,5,6,1,0.8,0.5,0,0,0,0

Figure 2. Defining attribute values to FNGE

The first line of Figure 2, for example, reads @&s:number of
elements in the universal sdgw - linguistic value being
defined;150,160,170,180,190,20dist of the 6 elements of the
universal set;1.0,0.8,0.2,0,0,0- list of the six membership
function values of the elements in the universal set. Besides
providing attribute values, the user should also inform the
system, via Dialog Box, the number of attributes that describe
the examples in the training set. Assuming that all information
has been correctly given during the Attribute Definition phase,
the system is ready to start the next phase, i.e., the Training
phase.

4.2 The Training Module

The Training Module is the main module of the FNGE system
and implements the Fuzzy NGE algorithm described in Section
3, Figure 1. It is the module responsible for choosing the
closest exemplar to the new example and for generalizing it
(when appropriate).

The Training Module expects as input an ASCII fii@if.txt)
which contains the training set and the number of sesds,
given by the user via Dialog Box. Each record in the input file
corresponds to a fuzzy example, where the last value is
assumed, by default, to be the example class (see Figure 3)
The system splits the input fikeain.txt into two new files: a
new train.txtand a filetest.txf containing 75% and 25% of the
examples, to be used in training and testing respectively. After
the first splitting, thenew train.txtis split into two other files:
seeds.txandnew.txt seeds.txtontains thes (number of seeds)
first examples ofiew train.txtandnew.txtcontains what is left
after extracting the seeds. Each example in thenéle.txtis
treated as a new example that becomes, in an incremental way
available to the learning system. Each example in the file
seeds.txis considered already an exemplar and, consequently,
has an associated weight. Initially, the weights of exemplars
and attributes are initialized to 1 and are updated during the
training process, according to the weighting process,
previously described in Section 3.1. The input files used by
FNGE are shown in Figure 4.
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low tall
low,light,little educated,C 150,160,170,180,190,200 150,160,170,180,190,200
very low, very light, very little educated,C 1,0.8,0.2,0,0,0 0,0,0.2,0.5,1,1
low,very light, more or less little educated,J fuzzyl very tall
very tall, average heavy,very highly educated,A 150,160,170,180,190,200  150,160,170,180,190,200
tall, very heavy,highly educated,A 1,0.8,0.8,0,0,0 0,0,0.04,0.25,1,1
average tall, average heavy, more or less highly educated,J fuzzy2 fuzzy4
low, very light, more or less little educated,C 40,50,60,70,80,90,100 40,50,60,70,80,90,100
tall,heavy,highly educated,A 1,1,0.9,0.6,0.1,0,0 1,1,0.8,0.5,1,0.3,0
: fuzzy3 fuzzy5
150,160,170,180,190,200 150,160,170,180,190,200
Figure 3. An example of a training set 0'0'5*0'8‘0'510‘0 1’0'8’0'2’0'511’1
train.txt Figure 6. Fuzzy values used in the description of the
concept
new train.tt testd 4.3 The Classification Module

The Classification Module is responsible for classifying new
seeds.txt new.txt instances using the concept learned in the previous module. It
requires, as input, the descriptions of the concepts (files
] ] concepts.txtand fuzzy.tXt. It can be used for (a) classifying
Figure 4. Files used by FNGE new instances and/or (b) checking the predictive accuracy of
the system (in this case the system should be provided with the

The system initializes the learning phase by making sthe et txifile created by the Training Module).
training examples contained seeds.txtexemplars. After that,

each new fuzzy example from tinew.txtfile is compared to
each existing fuzzy exemplar, to find the first and second 5 EXPERIMENTAL RESULTS

exemplars closest to it. If the current example is equidistant t0 Thjs section presents some experimental results concerning the
various exemplars, the implemented heuristic chooses the performance of the FNGE system. Due to the lack of available
oldest exemplar. After finding the two closest exemplars, the (eal-world fuzzy domains, five datasets from the UCI

system proce.eds. by choosing yvhich of them to generalize Repository [Merz (1998)] were “transformed” into fuzzy
(when generalization can be applied). datasets, i.e., datasets where attributes are described by fuzz
sets. These datasets are well-known and their descriptions car
be found in many references, including in the UCI Repository.
ince we have used only subsets of the original domains, Table
lists the figures related to the number of examples used in the
experiments.

The learning phase ends after each examphewtxthas been

processed. The result of this phase is the fuzzy expression of
the learned concept which can be defined as the induced set o
vectors of attributes, where each attribute is given by a fuzzy
value. The learned concepts and the descriptions of all fuzzy

sets are recorded on two filespncepts.txtand fuzzy.txt Table 3. Domains and number of examples
Examples of the contents of both files can be seen in Figure 5 Domain training| testing number of classgs
and Figure 6 respectively. Breast Cancer 69 22 2
fuzzyl,fuzzy?2 little educated,C Glass 82 27 7
very low,fuzzys,little educated,C Lung Cancer 24 8 3
low,very light,more or less little educated,J Pima Diabetesg 88 29 2
fuzzy5,not very light,more or less highly educated,V Postoperative 68 22 3
average tall,fuzzy4,highly educated,A . . .
average tall,average light,little educated,J We have worked with subsets of the original domains for two
: reasons: a) in some domaidr¢ast CancerGlassandPima

) : Diabete$, due to the transformation process, different crisp
Figure 5. Concepts learned by FNGE examples can be transformed into the same fuzzy example; b)
) ] ) ) examples which had attributes with absent value were
As mentioned earlier, the NGE induces hypotheses with the giscarded. It is important to note that irrelevant attributes that

graphical shape of hyperrectangles as a consequence of itSyere part of the original domains have not been included in the
generalization process, which “grows” the hyperrectangle corresponding fuzzy domain. In order to obtain the fuzzy
when it makes a correct prediction in order to absorb the gomains, the following rules were used:

current training example that lies outside its boundaries. Due to

its fuzzy nature, FNGE generalizes hypotheses by (generally) « numerical attributesthese attributes have values within an

creating new fuzzy values for attributes. In this sense, the interval. The interval was divided into smaller intervals

FNGE learning phase can be considered a type of constructive  (smaller sets) and for each of them, a fuzzy set associated tc

process; however it does not create new attributes as  a linguistic value was defined. Tables 4 and 5 exemplify

constructive algorithms usually do. Instead, it creates new this process for one attribute.

fuzzy values for the existing attributes (attributes

fuzzyl,...fuzzy6 in Figure 6). « symbolic attributes:for each possible symbolic value, a
fuzzy set was defined to represent that value. Such fuzzy
sets were defined using the information about the domain
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found in the Repository which states for the Postoperative enough data to confirm this and further investigation needs to
domain, for example, that high temperature is aboVe€,37 be carried on.

medium is between 86 and 37C and low is below 3€.

Tables 6 and 7 show an example of the transformation Table 8. Average performance (%) of FNGE and NGE

process for the temperature attribute. Domain ENGE with | ENGE without] NGE
Table 4. Transforming a numerical attribute of the Pima weights weights
Diabetes domain (number of times pregnant) into a fuzzy Breast Cancer 85.19 95.54 95.6¢
attribute — creating linguistic values Glass 42.16 23.82 85.50
Lung Cancer 30.59 34.51 36.00
Subsets Linguistic value Pima Diabetes 72.08 56.65 69.69
{0} very low Postoperative 73.08 61.19 44.74
{1} low
{2.3.4} medium 6 FINAL REMARKS
{5,6,7,8,9} high
{10,11,12} very high In this paper we have presented a prototype of a new inductive
. ] ) learning system based on the Nested Generalized Exemplar
Table 5. Defining the fuzzy sets associated with the theory, designed for fuzzy domains, called FNGE. It is an
linguistic values shown in Table 2 incremental, supervised and constructive learning method.
values Fuzzy Sets Since itfs design was substantially based on the NGE theory, we
clementslol T 1 2 T 31 217 51 6 [7]8lol10l1112 kept this name only as a reference. The FNGE cannot be
verylow [1[ 08/ 004 001 o] of o bblo b b b thought of as a system that induces nested exemplars becaus
low 1/09] 02| 01| O] 0] O D this does not mean anything in fuzzy domains.
medium [0 0] 01 1[ ogd 01 o ppflo b b o
high O] O] 0| O] O1] 05 0§ 1 & o 1 1 1 FNGE is an easy-to-use fuzzy learning environment. The
veryhigh| 0f 0] O] 0] 004 025 0641 111 1 1 |1 interactive prototype has been designed as a window-driven
Table 6. Transforming a symbolic attribute of the environment and offers an interactive interface. FNGE runs
Postoperative domain (temperature) into a fuzzy attribute - under Windows and has been programmed in C++ using an
creating linguistic values object oriented approach. Some of its features are still under
i B development: a second option for the Classification Module, an
Symbolic | Linguistic Values automatic help and a more refined set of error message. Others
Vqlues : such as the use of modifiers, are scheduled to be implementec
high high very soon. A few others such as the proximity distance based
medium medium on the possibility measure and the generalization process,
low low based on the union of fuzzy sets, need further investigation and

Table 7. Defining the fuzzy sets associated with the empirical validation.

linguistic values shown in Table 5 Acknowledgements:Support for this work has been provided
values Fuzzy Sets by FAPESP. Thanks to Brenda Padgett, for her insightful
elements | 35 | 36 | 36.5] 37 | 38 | 39 | 40 comments and suggestions.
high 0] 0] o] 05| 1| 1| 1
medium 0| 08 1| 08 0 0 0 REFERENCES
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