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Sect 11.6 - Rationalization

Concept #1 Simplified Form of a Radical.

Recall that in section 11.3, we stated the following criteria for determining
is a radical is completely simplified:

Simplified Form of a Radical

A radical is simplified if all of the following conditions are met:

1)  All factors of the radicand have powers that are less than the index.

2)  The radicand has no fractions.

3)  There can be no radicals in the denominator.

4)  The exponents in the radicand and the index have 1 as the only
common factor.

Up to this point, we have not addressed what we need to do if there are
radicals in the denominator. Part of that will depend on if we have one term
in the denominator or more than one term. The process involved with get
rid of the radical in the denominator is called rationalizing the
denominator. This is done by multiply the top and bottom by a form of 1.
The word “rationalizing” simply means to make the number rational.

Concept #2 Rationalizing the Denominator that has One Term

If the denominator has one term, to get rid of the radical, we will need to
multiply the radical by a quantity that will make the radicand in the
denominator a perfect power. Whatever we multiply the denominator by,
we will also need to multiply the numerator by the same quantity.

Multiply each radical by a factor that will rationalize it:

Ex.1a +/5¢?=5 Ex.1b  3/25h e?=5h
Ex. 1c 4\/ 3x3y e ? = 3xy where x and y are positive

Ex. 1d 3 27a%b4ce ? = 3abc

Solution:
a) To make 5 a perfect square, we need to multiply by another

factor of 5: \/EO\/E = \/5‘2 = 5.

So, the missing factor is ﬁ
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b)  Since 25h = 5%h, to make this a perfect cube, we need to
multiply by a factor of 5h*:

3/52h «3/5n2 = 3/25n ¢ 3/5n2 = §/5%h3 = 5n

So, missing factor is 3 5h? .

c) To make 3x°y a perfect fourth power, we need to multiply it by
a factor of 3°xy®:

A&/Bx?’y . i/33xy3 = ?/34x4y4 = 3Xy
So, missing factor is 4\/ 3‘°’xy3 :

d)  Since 27a%b’*c = 3%a’b’c, to make this a perfect fifth power, we
need to multiply by a factor of 3%a’bc*:

5\/27a2b4c . E{/ 32a’bct = 5\/33a2b4c- 5\/ 32a%bc?
= SV 3°a%b°c® = 3abc
So, the missing factor is 5\/ 3%apc?.

Rationalize the denominator:

10 3] 2r
EX. 28 F EX. 2b ﬁ
5/5.3
Ex. 2¢ 21 Ex. 2d _ N2

5
Ex. 2e % Ex. 2e stif
3x

Solution:
We can use our results from example #1 to help us for parts a - d.
a) % (rationalize the denominator)

= %- \g (simplify)

_ 105 _ 10y5 _
Pl 2./5.




b) 3/ 2r — 3\/?
25h 3&/52h
_ A2, sm?
TR
_ Yo _ §10r?
3\/53h3 5h
o) 21

4\! 3x3y
— 21 o 4\/ 33xy3

(rationalize the denominator)

(simplify)

(rationalize the denominator)

(simplify)
4\/3x3y 4\/33xy3
_ 219 Bx® _ 21438 _ 7927k
4\/34)(4y4 3xy Xy '
2¢3

5\/ 27a%b%c ) 5\/ 33a%bc

- W o 5\/ 32a%pc?

5\/ 33a%bic 5\/ 32a%pc?

3 2632a3bc”

(rationalize the denominator)

(simplify)

5] 3.7
18a°bc
S But, ¢’ = c°ec?, so

5\/35a5b505
318a%c” _ §18a%bc%ec? _ c¥18a%bc? _ §18a%bc?
3abc 3abc 3abc 3ab :
o) =h (simplify)
_ W27 _ m _ 33 o _
J11 1 T (rationalize the denominator)
_ 33 411 o
J1 'W (simplify)
_ 333 _ 333

\/112 11

88



89

f) Notice that the numerator and denominator have common

factors:
A 729x" _ 5| 720X _ 5 5[45.5 _
= 243x° 3°x° =3x.
5\/ 3x2 3x?
Concept #3 Rationalizing the Denominator that has Two Terms.

Recall the formula for the difference of squares: (F —L)(F + L) = F* - L?
where (F — L) and (F + L) are conjugates. There was no middle term in the
answer since the two middle terms generated by the product were
opposites. When we applied this with radicals in section 11.5 (example
#50) we did not get any radicals in the answer:

X — —w/ Sw )( \/; + —w/ 5w ) is a difference of squares

(#3) with F = ?\/; and L = 3«/ 5w ). Using our pattern, we

get: F2—L2=(3f) —(i )

So, if we want to rationalize the denominator that has two terms, we need
to multiply it by its conjugate. Whatever we multiply the denominator by, we
will also need to multiply the numerator by the same quantity.

Multiply each expression by an expression that will rationalize it:

Ex.3a (5++/7)#?2=18 Ex.3b (/2 —5)¢?=-23
Solution:
a) The conjugate of 5 + \/7 is5— \/7 SO

(5++7)5-+/7)=(5)P-(4/7)?=25-7=18

So, the expression is (5 — ﬁ).

b)  The conjugate of \F —5is4/2 +5,s0

({2 -5)(+/2 +5)=(y/2)° - (5 =2-25=-23

So, the expression is (ﬁ +5).



Rationalize the denominator:

6 3+4/10
Ex. 4a —5+\ﬁ Ex. 4b 125
fa-\b "
Ex. 4c \/Zﬂ/E , assume a and b are positive and a # b.
27 -6
Ex. 4d 677
Solution:
a) The conjugate of 5 + ﬁ is5— ﬁ:
6 : , :
5ey7 (rationalize the denominator)
_ 6 B-7) -
= simplif
(5+(7) (5-47) (simplify)
_ 6(5-—y7) _ 30-6y7
GBP-(7y¢ 5T
= % (factor 6 out of the numerator)
= 6(5@5) (reduce)
_ s
3
b)  The conjugate of f —5is 42 +5:
3\/%\% (rationalize the denominator)

-5

_ (3+4/10) _ (2 +5) . .

= ° simplify {use FOIL on the to
e e  (smplfy 2

_ 3y2+3(5)+/10¢y/2 +4/10 (5)

(2)*-()
_ 3ﬁ+152/22?+5m (but, \/2* _ /2245 )
_ 3y/2+15442%65 4510
—23
3,2 +15+2,/5 +5,/10
—23

Multiplying top and bottom by — 1, we get:

_ —15-3\/2-2\/5-5\/10

23
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c) The conjugate of ﬁ + \/H is \F _ \/‘

[ao
rationalize the denominator

NP ( )

- (a-yb) . (a-b) (simplify {use FOIL on the top})

(Wa+y{b) (/a-yb)
_ JasJa—yaejb-ybeja+beb
(Way-(/b)?
= (ay—/ab—yab+(/b)
a-b

- a2ab+b
a-b ’
d)  The conjugate of /6 — /7 is /6 + /7
\E—ﬁ (rationalize the denominator)

_ @7-48), (/8 +y7) o
= o simplify {use FOIL on the to
Woy7) omn TP P

_ 2(7e(6+2{7e7 66 -6+(7
(6P -(7Y
_ 2[a22(7 6 a2
6-7

_ 2442 +2(7)-(6)—/42
- 6-7
= Bﬂ“iz =—8— /42

Simplify the following:

Ex.5a  3/25 + -+ Ex.50 2
s Va+3o
Solution:
a) We will begin by rationalizing the denominator of — \F
3 3 2
3 r 4 435
25 + 3/25 + = 3/25 + 21> 5

Wi
=325+Tr.
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Concept #3
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The two terms are like radicals so, we can combine them:

325+4%=%+4%=5%+4%=9%
5 1 5 5 5 5

The conjugate of the denominator will not work since we are
dealing with cube root inside of square roots. But, think of the
formula for the sum of cubes: (F + L)(F* — FL + L?) = F° + L°.
To get rid of the radicals, we will need to multiply top and the

bottom by F2 — FL + L%, where F = 3/a and L = 3/b :
F2-FL+12=(3a)?=(3/a)3b)+(3b )
=3w/a2—3ab+\/b

3/,2 3 3/1.2
= (@) o ;ﬁ - \/Eﬂ% ) (simplify the denominator)
Fa+¥o) (a2 - Yab )
_ (a+b)(}/ @ - Yab+3b?)
a e~ Yab 37+ Yo (a2 - Yoo ?)

(a+b)(3/a? - 3[ab+ 3/b?)

a (a2 )~ Ya(¥ab)+Ya (62 ) 4o (a2 )~ Yo (Yab) 3o (36?)
_ (a+b)(Ya% - 3ab+3/b?)
3\/&173— 3\/azb +3\/ab2 +3\/azb— 3\/ab2 +3\/b73

(a+b)(Ya% - 3ab+3/b?)

a- 3\/azb +3\/ab2 +3\/azb— 3\/abz +b

2 3 2
_ (ast)Ya? - Yab+i?) (reduce)

a+b
%/?—3ab + %/b‘2

Rationalizing the Numerators.

There are several instances in Calculus where one has to rationalize the
numerator instead of the denominator. The process works the same way
except we need to get rid of the radicals in the numerator.
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Rationalize the Numerator:

Ex. 6a @‘2 Ex. 6b —V?’”‘h‘ﬁ
Solution:
a) The conjugate of \F —2is4/6 +2:
@ (rationalize the numerator)
_ (/6-2), (/6+2) i
g 6 +2) (simplify)
- 06-20/6+2) _ (6@ o 64 _ 2 g0
8(16 +2) 8(/6+2)  8(/6+2) 8(/6+2)
_ 1 e
= W62 (distribute)
_ 1
- 4\/E+8
b)  The conjugate of 4/3+h — \/3 is 4/3+h + \/3:
—W (rationalize the numerator)

— (3+h _ﬁ). (\/3+h +4/3) L
. W3 3) (simplify)
_ (3+hP-(/3P _  3+h-3

_ h
h3+h+y3)  h(/3+h+/3) h(/3+h+3)
1
4 3+h +\/§'

(reduce)

Notice that —V?’”L_\E is undefined at h = 0. But, let’s say we want to find

the behavior of the expression when h = 0. By rationalizing the numerator,
the h divides out of the denominator. We can evaluate the new expression
for h = 0 to find out the behavior of the original quotient when h = O:

1 _ 1 _ 1 _ 1
\/3+h +\/§ \/3+0 +\/§ \/§+\/§ 2\/3 '
J3+h—4/3 1
113 tH h - ~ .
So, “near 0, . 203
This quantity represents the rate of change or (“the slope of the curve”) of
the square root function at x = 3 which you will study in Calculus.




