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Sect 12.1 — The Square Root Property and Completing
the Square

Concept #1 Solving Quadratic Equations by Using the Square Root
Property.

When we solved quadratic equations before, we had to get zero on one
side, factor the polynomial on the other side and then set each factor equal
to zero and solve. We were only able to do this if the polynomial was
factorable. In this section and the next, we will learn techniques to solve
quadratic equations regardless if they are factorable or not. Consider the
following example:

X2 = 64 (get zero on one side)
x> —64=0 (factor)

(x-8)(x+8) =0 (set each factor = 0)
x—8=0 or x+8=0 (solve)

x=8 or x=-8
Notice that 8 and — 8 are the principal square root and the negative square
root of 64 respectively. This means that if xX* = 64, we will get

4/64 =8 and — 4/ 64 = -8 as our answers. This leads us to the Square
Root Property

The Square Root Property
If d is a real number and x* = d, then x = \/H orx=-— \/E Sometimes this

is written as x = \/E

The key to using this property is to have a perfect square isolated on one
side of the equation.

Solve the following:

Ex. 1a y? =121 Ex. 1b 7x* + 567 =0
Ex. 1c 3(e —8)*=60 Ex. 1d (2r-3%-7=-12
Solution:
a) y?’=121 (apply the square root property)
y =1 4/121 (simplify)
y==11
The solutions are {— 11, 11}
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(solve for x?)

(apply the square root property)
(apply the definition of 4/—m)

(simplify)

The solutions are {— 91, 97}.

3m—8f=60
w 8)—20

(solve for (e — 8)?)
(apply the square root property)

<7<{<1H

(simplify)

(solve for e)
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So,e=8-245 or e=8+2\/€
Thesolutionsare{8—2\/§,8+2\/§}.

(2r—-3>-7=-12  (solve for (2r — 3)?)
(2r-3y=-5 (apply the square root property)
(2r—=3)=1%+/-5 (apply the definition of 4/—m)
2r—3=%1+4/5 (solve forr)
m=3iiJ§
r= 35 3, 45,

2 2 s s

3 5. 3 5 .

The solutions are {? b5t Tz}.

Notice that in example #1c and #1d, our answers contain components that
are irrational and hence cannot be solved by factoring. But, example #1a
can be solved very easily using factoring and we can even solve #1b by
factoring: 7x* + 567 =0

7(x*+81)=0

x? + 81 is prime in the real numbers, but not in the complex numbers:

7(x* — (- 81)) =0 (now, apply the difference of squares)

7(x—91)(x+91)=0
7#0,x—971 =0,x+971 =0
No Soln, x=97,x=-91

(solve)
The solution is { — 917, 91}
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Concept #2: Solving the Quadratic Equations by Completing the Square.

To solve a quadratic equation that does not already have a perfect square
in it, we will need to make a perfect square. The process for doing this is
called Completing the Square. To see how this process works, let’s look
at several examples of perfect square trinomials:

(x+ 4= (x+4)(x+4)=x"+8x+ 16

(x—5)2=(x-5)x—-5)=x*-10x + 25

(X + p)° = (X + p)(X + p) = X* + 2px + p’

(x —p)* = (x = p)(X — p) = X" — 2px + p
Notice that there is a relationship between the coefficient of the linear term
and the last term. If we divide the coefficient of the linear term by two (or
multiply it by a half) and then square the result, we get the /ast term. Also,
when we divide the coefficient by two, the result is also the number p that
goes into the factored form.

So, for x> + 8x + 16,8 + 2 =4, (4)° = 16. Also, X* + 8x + 16 = (x + 4)?

For x> =10x + 25, - 10 + 2 = =5, (= 5)* = 25. Also, x* = 10x + 25 = (x = 5)?
This process only works if the coefficient of the squared term is 1.

Let’s try some examples.

Find the value L that completes the square. Then factor the result:

Ex. 2a X2 —14x + L Ex. 2b X2 +22x+ L
Ex.2c Y +17y+L Ex. 2d v2—%v+L
Solution:

a) To get p, divide the coefficient of the linear term by 2:
p=—14+2=-7
Now, square p to get L: L=(-7)>=49
Thus, X — 14x + L = X* — 14x + 49
Now, factor into (x + p)? form:
X2 —14x + 49 = (x = 7)°
b) To get p, divide the coefficient of the linear term by 2:
p=22+2=1.1
Now, square p to get L: L=(1.1)?%=1.21
Thus, X + 2.2x + L = x* + 2.2x + 1.21
Now, factor into (x + p)? form:
X +22x+1.21=(x+1.1)
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To get p, divide the coefficient of the linear term by 2:

p= 17 = 2 = 177
2
Now, square p to get L: L= (177) = %
289

Thus, Y+ 17y + L = y* + 17y +

Now, factor into (y + p)? form:

2 289 _ 17 \2
y +17Y+T—(y+7)

4

To get p, multiply the coefficient of the linear term by a half:
=_341-3
P 13 2 26
2

. _({ 3\ _ 9
Now, square p to get L: L—(— 2—6) = =
2_ 3 -2 3 9

Now, factor into (v + p)? form:

2
, 3 9_( 3)
_ S+ 2 = _ 2
V=3V 6w, -V

Now, let’'s use completing the square to solve quadratic equations. In each
case, we will follow these steps:

Completing the Square to Solve a Quadratic Equation
1)  Simplify each side of the equation.
2) Isolate the variable terms on one side of the equation.

3) Divide both sides by the coefficient a of the squared term if a # 1.
4)  Divide the coefficient of the linear term by 2 (or multiply it by a half)
to get p. Then square p and add the result to both sides of the

equation.
5)  Rewrite the perfect square as (x + p)? and use the square root
property to solve.

Solve the following:

Ex. 3a b?—12b-5=0 Ex. 3b mm+7)+14=4
Ex. 3c 2y(y+1)=y-7 Ex.3d (4x-5)(x—-3)=—-x+47
Solution:
a) b*’-12b-5=0 (each side is already simplified)
b’—12b-5=0 (isolate the variable terms on one side)

b’—12b=5 (a is already equal to one)



b2-12b=5

b?—12b +36 =5+ 36

b2 —12b + 36 = 41
(b —6)* =41
b—6=4+ +/41

b=6% /41
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(p=—-12+2=-6.Add (- 6)* = 36
to both sides and simplify)

(rewrite in the form (b + p)?)

(use the square root property)

(solve)

The solutions are {6 — /41,6 + 4/41}.

b)

The solutions are {— 5, — 2}.

c)

mm+7)+14=4
m?+7m+14=4
m2+7m=-10

m2+7m=—-10

m +7m+4_9:_4_0

4

49 _ 9
m?+7m+ 22 = 2
4 4

2y(y+1)=y-7
2y* +2y=y-7
2y*+y=-7
2 1., _ 7
yroy=-<
2 1 1 _ 56
AL T T
2 1 1 _ 56
AT T
1 — 6
(v+2) =—%
1 _ 55 _
y+ Tk =

(simplify each side)
(isolate the variable terms on one side)
(a is already equal to oneg
_ 49
(p = 72-—Aw()-7—
479 to both sides and simplify)

(rewrite in the form (m + p)?)
(use the square root property)

(solve)

(simplify each side)
(isolate the variable terms on one side)
(since a = 2, divided both sides by 2)

(

o= gedmtma(g)

1 to both sides and simplify)

16
(rewrite in the form (y + p)?)
(use the square root property)

1 (solve)



The solutions are {

d)

—1-i/55 —1+i+/55 }

4 4

(4x—-5)(x—-3)=—-x+47 (simplify each side)
4x* —17x +15=—x+47 (isolate the variable terms)

4x% — 16x = 32 (since a = 4, divided both sides by 4)
X2 —4x =8 (p=—4+2=-2.Add (- 2)*=4)
X2—4x+4=8+4 to both sides and simplify)

X2 —4x +4 =12 (rewrite in the form (x + p)?)
(x—2)*=12 (use the square root property)

x—2=++/12 =+ 1223 =£2,/3  (solve)
x=2+243

The solutions are {2 —2,/3,2 + 2\/3}.

Concept #3

Literal Equations

Solve the following:

Ex. 4 Given the formula for the volume of cone: V = %nrzh
a) Solve the formula for r. Assume r > 0.
b) Find r if h = 8.5 meters and V = 20.0175 m>. Use n = 3.14
Solution:
a) V=ouh (multiply both sides by 3)
3eV = 3er?h
3V = nr’h (divide both sides by rh)
i’c—\r: =r? (use the square root property)
r== % (reject the negative root and rationalize)
c= [3V gAmh _ 3Vrh
nh m nth
Thus, r = A3V
rth
b) = {3Vmh _ /3(20.0175)(3.14)(8.5) _ +/1602.801225 _ 40.035
rth (3.14)(8.5) 26.69 26.69
=1.5m

Thus, the radius is 1.5 meters.
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