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Sect 7.5 - Complex Fractions

Concept #1 Simplifying Complex Fractions (Method #1 - Division)
Definition

A Complex Fraction is a fraction that contains at least one rational
expression in either the numerator or denominator.

Recall the following example from arithmetic:

Simplify the following:

3
6
Ex. 1 7
3
Solution:
. e . a
This is a division problem: L -a¥ b so the problem becomes:
6=
L_gl L 12 15 _ 2 2 _ 39 Z14_ 9
K 4 2 4 2 4 157 22 5 10
2

This example illustrates the first method of simplifying complex fractions:

Method #1 (Division)

1.  Simplify the numerator to form single fraction in the numerator and
simplify the denominator to form single fraction in the denominator.

2.  Rewrite the complex fraction as the numerator divided by the
denominator.

3. Invert the second fraction and multiply.
Simplify:
10x+12y
7x+14
Ex2
4x+8y
Solution:

Since there is already a single fraction in the numerator and a single
fraction in the denominator, we can rewrite this as a division
problem:
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10x+12y

Tx+14y  _ 10x+12y . 15x+18y - 10x+12y. 4x+8y
15x+18y 7x+14y 4x+8y 7x+14y  15x+18y
4x+8y

Next, factor the numerators and denominators:
Numerator of the 1% fraction: 10x + 12y = 2(5x + 6y)
Denominator of the 1% fraction: ~ 7x + 14y = 7(x + 2y)

Numerator of the 2" fraction: 4x + 8y = 4(x + 2y)
Denominator of the 2" fraction: ~ 15x + 18y = 3(5x + 6y)
Thus,

10x+12y | 4x+8y _ 2(5x+6y) , 4(x+2y) _ 2 4 _ 8

7x+14y 15x+18y_ 7(x+2y) 3(5x+6y) 7 3 21

3 3
2 m+ 4
m< -16
Ex. 3 o
m-4 m2—16
Solution:

First, simplify the numerator to a single fraction and the
denominator to a single fraction:

3 3 — 3 3 — 3 _ 3 .(m—4)
m2-16 m+4 (m—4)(m+4) m+4 (m—4)(m-+4) (m+4) (m-4)
- 3-3(m-4) — 3-3m+12 - -3m+15 - -3(m->5)
(m—-4)(m+4) (m—4)(m+4) (m—-4)(m+4) (m—4)(m+4)

4 36 — 4 36 - 4 .(m+4)_ 36
m-4 m2-16 m-4 (m-4)(m+4) m-4 (m+4) (m-4)(m-+4)
— 4(m+4)-36 — 4m+16 —36 — 4m-20 — 4(m-5)
(m-4)(m+4) (m—4)(m-+4) (m—4)(m-+4) (m—4)(m+4)
3 ___3 ~3(m-5)
Th m?2-16 M4 (m—4)(m+4) N it divisi blem:
us, ~1___36 = A(m-5) - Oow, rewrite as a division probliem:
m-4 m2_16 (m—=4)(m+4)
—3(m-5)
(m-4)(m+4) _ _-3Mm-5) . 4m-5 _ -3(m-5) .1(m—4)(m+4)
4(m-5) (m-4)(m+4) = (m-4)(m+4)  (m-4)m+4) 4(m-5)
(m—4)(m+4)
_ -3 _1_ 3
= —0— = — —
1 4 4
2 2
—+—
EX 4 a+5 a-3
a_i_5_a2—6a+9
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Solution:
First, simplify the numerator to a single fraction and the
denominator to a single fraction:

2 + 2 _ 2 o (a-3) + 2 o (a+5) _ 2(a-3)+2(a+5)
a+5 a-3 (a+5) (a-3) (a-3) (a+5) (a+5)(@-3)
— 2a-6+2a+10 _ 4a+4 _ 4@+

@+5)(a-3)  (a+5)@-3) (a+5)(a-3)

a+5— a®-6a+9 _ (a+5) , (a+5)  a’-6a+9 _ (a+5)@a+5)-(a®—6a+9)

a+5 1 (a+5) a+5 (a+5)
_ a’+10a+25-a®+6a-9 _ 16a+16 _ 16(a+1)
(a+5) (a+5) (@+5)
2 2 4(a+1)
a+5 a-3 _ (a+5)(a-3) _ _ 4@+ . 16(@+1)
Hence, 2 oo | 10@r) | (@i5)@-3) | (@+5)
a+d - ———— a+5
4(a+1) o 1(a+5) - _4 o 1 1

T (@+5)@-3) 16@+h)  (a=3) 16 _ 4(a3)
Concept #2 Simplifying Complex Fractions (Method #2 - L.C.D.)

An alternative way to simplifying rational expressions is by clearing the
fractions out of the numerator and denominator first. This is done by
multiplying top and bottom of the complex fraction by the L.C.D. of all the
rational expressions in the numerator and denominator.

Method #2 (L.C.D.)

1. Factor all the denominators of the rational expressions in the
numerator and denominator of the complex fraction.

2. Find the L.C.D. of all the factored denominators and multiply top
and bottom of the complex fraction by the L.C.D.

3.  Distribute and simplify.

Simplify:
iz N 6_7p
4p
Ex.5 51
12p 52
Solution:

The L.C.D. = 12p?
Multiply the top and the bottom of the complex fraction by 12p2.
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2 2
_12p 4 7 12p

S+l | Sl | a2 SR L 5 7
4p P _ | 4p P le_1_ — 4p P — 11 1 1
S, 1 S g2 5 12p2 11 _12p? 5,0, 1.4
12p " 5,2 12p " 5,2 y 2" 1 a2 11 1 1

- 363 + 7e2p - 9+14p — 14p+9
5ep + 11e4 5p+44 5p+44 °

2 2
4m+12 2
E - m+3
Solution:

First, factor all the denominators:

4m + 12 =4(m + 3)

2m? + 12m + 18 = 2(m? + 6m + 9) = 2(m + 3)?

2 and (m + 3) are prime.

The L.C.D. = 4(m + 3)°. Multiply the top and the bottom of the
complex fraction by 4(m + 3)°.

2 2 2 2 Hmi3 )2
4m+12 2m2 +12m+18 — 4(m+3) 2(m+3)2 o 1
3__3 3__3 4(m+3)2
2 m+3 2 (m+3) -
2 4m+3)> 1 4m+3)? 2 (m+3) 2 2
3_4(m+3)> 3 4(m+3)? 3 2(m+32 3 4(m+3)
21 (m+3) 1 1 1 1 1
_ 2(m+3)-4 _ 2m+6-4 _ 2m+2
6(M+3°-12(m+3)  6(m?+6m+9)-12m-36  6m?+36m+54—12m-36
2m+2  _ 2m+l)  _ 2m+l) 2 1

 6m2+24m+18  6(m2+4m+3)  B(M+N(M+3) ~ 6(m+3) ~ 3(m+3)”

—2 +? + 6
Ex. 7 PP
10+— ——
a2
Solution:

The L.C.D. = a%. Multiply the top and the bottom of the complex

fraction by a°.
L ,.1B .6 L.58 .6 a2
a2 a — | a2 a o
10+ -2 |10+21-2] a2

a a2 a a2




2 2
6 a 13 a 2
. + . + Bea 6 1 13 _a 2
2 1 a1 _ gt 6+ 13a+6a?
2 1,a% 21 a? 1022 +1e2 _ 211 1082 + a - 21
1Ooa+-1—2v1 1 1 11
a

_ 6a®+13a+6 _ (3a+2)(2a+3) _ 3a+2
10a2 +a-21  (5a-7)2a+3)  5a-7°

x+10
x3—8
21

x2+2x+4

3
— +
X-2

Solution:

First, factor all the denominators:
X2 —8=(x—2)(x%+2x + 4)

(x —2) and (x* + 2x + 4) are prime.
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The L.C.D. = (x — 2)(x* + 2x + 4). Multiply the top and the bottom of

the complex fraction by (x — 2)(x* + 2x + 4):

x+10 (x+10) (x-2)(x2+2x+4)
-8 _ | (=202 12x+4) |, y
3 2 3,2 (x=2)(x2 +2x+4)
X=2 2 ovi4 (x-2) (x2+2x+4) 1
(x+10) (x=2)(x2 +2x+4)
— (x=2)(x2 +2x+4) 1
3 :(x—2)(x2 +2x+4) 21 :(x—2)(x2+2x+4)
(x-2) 1 (x2+2x+4) 1
(x+10) 1
T 1 _ (x+10)

3 (x2+2x+4) L 21 (x=2) B 3(x2+2x+4)+21(x—2)
1 1 1 1

_ (x+10) _ (x+10)
32 +6x+12+421x-42  3x2+27x-30
(x+10) _ 1(x+10) _ 1

3(x2+9x—10)  3(x+10)(x=1) ~ 3(x-1)"



