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Sect 9.4 - Solving Systems of Linear Equations by
Determinants

Concept #1 Introduction to Determinants

Many times in Algebra, we just used the numbers from the problem and
performed the necessary computations. We can do the same thing when
we are solving systems of equations. We can use what are called a
matrices to represent the system of equations. For example:

System of Equations Matrix

5x — 3y =13 5 -3 13 Two rows

4x +y =7 4 1 7 Three columns
4da+b-c=6 4 1 -1 67 Threerows
7a+b-8c=2 7 1 -8 2 | Fourcolumns
4a—-7b+5c=-1 4 -7 5 -1

Since the first matrix has two rows and three columns, it is called 2x3
matrix, while the second matrix is 3x4 matrix. We always classify our
matrices by first listing the number of rows and then the number of
columns. If a matrix has the same number of rows and columns, it is called
a square matrix. Every square matrix has a real number associated with it
called its determinant. The determinant is defined as

follows for 2x2 matrices:

2x2 Determinants

a; b b
The determinant for 2x2 matrix 1 1 is denoted as a1 1
a, by a, by
: , a, by
and is defined as: = a by, — asb.
a, by

It is almost like cross multiplication except we are subtracting instead of
setting the products equal.

Evaluate the following:
5 -3
4 1

Ex. 1
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Solution:
5 -3
=5(1)-4(-3)=5+12=17.
4 1
Ex. 2 3 2
2 -3
Solution:
3 2
=3(-3)-2(2)=-9-4=-13.
‘2 5733 -22)
Ex. 3 3 2
-7 -5
Solution:
32 =3(-5-(-7)(2)=—-15+14=-1
-7 -5 '
Concept #3 Cramer’s Rule for Solving a System of Two Linear

Equations in Two Variables.

Cramer’s Rule for 2x2 Systems

For the system:
a;x + by = cq (the equations must be in standard form)
ax+by=c;
We can first calculate the following determinants:

a; b ce b a; C
D= P20 D =|"1 1 Dy=1 1
a, by C, by a, ©Cp
Then, the solution to the system is
_D _ Dy
=5  and =5

If D = 0, then Cramer’s Rule does not apply. The system is either
inconsistent or dependent. We must then use another technique to
solve the system.

To find Dy, replace the coefficients for x in the determinant by the
constant term. To find Dy, replace the coefficients for y in the
determinant by the constant term.

To see where Cramer’s Rule comes from, let us solve the following system
using the addition method.



Solve using addition:

Ex. 5 ax +byy=cy
axx + byy = ¢,
Let’s first eliminate x. — a,eeqn. #1 + a eeqn. #2:
—azel)  —ajaxX —azbiy = —axcy
ai%2) aijaxx + asbyy = a1,
abyy — asbqy = a4¢c, — ascy (factor out y)
(a1b, — asb4)y = a4c, — axcy (solve for y)
— 810 —3C4
y ajb, —asby4
But adqCr, — axCq = a1 O = Dy and a1b2— 32b1 = a1 b1 =D.
as © ap by
D
So,y= Ty.
Now, let’s eliminate y. b,eeqn. #1 + — byeeqn. #2:
b2°1) abox + b1b2y = b,Cq
— b1°2) — agblx — blbgv = — blC2
aibox —asbyx = b,ci — byCy (factor out x)
(a1b2 — a2b1)x = b201 — b1C2 (SOlVG for X)
x = D261-b1G
ab, —asby4
But b2C1 — b102 = ©1 b1 = DX and a1b2 — 82b1 = a1 b1 =D.
Cy by as by

— Dy
So, x = =

Solve using Cramer’s Rule:

Ex. 6 5x -3y =13

4x+y=7

Solution:
5 -3

D= 4 =5(1)-4(-3)=5+12=17.
13 -3

Dy = . 1‘=13(1)—7(—3)=13+21=34.
5 13

D, = 4 7‘=5(7)—4(13)=35—52=—17.
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So, the solution is (2, — 1).

Ex. 7 6x —4y =12
—-9x+6y=-18
Solution:

6 -4
-9 6
The system is either inconsistent or dependent.

Let’s solve using the addition method:
6x —4y =12 (multiply by 3) = 18x—-12y =36
—-9x+6y=-18 (multiplyby2) = —-18x+12y=-36

= 6(6) — (- 9)(—4) =36 - 36 = 0.

Now, add:
18x — 12y = 36
—18x + 12y = — 36

0=0 True
The system is dependent.
So, the solution is { (x, y) | 6x — 4y = 12}.

Ex. 8 x—-3y=5

6x + 5y =2

Solution:
7 -3

D=‘6 ‘=7(5)—6(—3)=35+18=53.
5 -3

D, = |, ‘=5(5)—2(—3)=25+6=31.
7 5

D, = = 7(2) - 6(5) = 14 — 30 = — 16,
6 2

boDe 3 L D16 16

- D " 53 Y= T3 T B3

So, the solution is (% — %)
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Ex. 9 6x—-8y =06
Ox —12y = 2
Solution:
6 -8
9 -12
The system is either inconsistent or dependent.
Let’s solve using the addition method:

‘=6(—12)—(9)(—8)=—72+72=0.

6x -8y =6 (multiply by 3) =  18x—-24y =18

Ox —12y =2 (multiply by —2) = —-18x+24y=-4
Now, add:

18x — 24y =18

—18x+24y=-4

0=14 False
The system is inconsistent.
So, there is no solution.



