Sect 5.6 - Multiplying Polynomials

Concept #1 Multiplication of Polynomials

Multiplying a monomial and a polynomial
Recall in section 1.6 how we used the distributive property to simplify the
following example:

Simplify:
Ex. 1 —4(— 3x + 6 - 2y)
Solution:

—4(— 3x+ 6 —2y) = —4(— 3x) + (— 4)6 — (— 4)e2y
=12x + (— 24) + 8y = 12x — 24 + 8y.

We can extend this idea to multiplying a polynomial by a monomial.
Suppose in example 1, we change the — 4 to — 4x?y. Let’s see what
happens:

Ex. 2 — 4x%y(— 3x + 6 — 2y)
Solution:
— 4x%y(— 3x + 6 — 2y) = — 4x%y(— 3X) + (— 4x%y)*6 — (— 4x%y)e2y
= 12Xy + (— 24x%y) + 8x%y? = 12Xy — 24xX°%y + 8x%Y~.

Ex. 3 — %az(Sa3 —6a’ + %a — %)
Solution:
2 _2 3 2 1 2
—-3a (5a —6a” + 23_7)

- 2(59)- (- 9+ (34 (0e) - (342

=_ 332(333) _ (_ 362)

3 1 1
_ 10 5 4 1 3 4 2
=——ga +da —ga +a
Ex. 4 — 0.7cd(3¢? — 4cd + 2d?)
Solution:

— 0.7¢cd(3¢” — 4cd + 2d?)
= — 0.7cd(3c?) — (- 0.7cd)(4cd) + (- 0.7cd)(2d?)
= —2.1¢%d + 2.8¢%d® — 1.4cd®
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Ex. 5 Q(3a + 5)
Solution:
Q(3a + 5) = Q(3a) + Q(5) = 3aQ + 5Q.

Multiplying a polynomial by a polynomial horizontally.

In example five, let’s suppose that we changed Q to (2a — 3). To simplify
the problem, we would still distribute the (2a — 3) in the same fashion that
we distributed the Q in example five. Afterwards, we would have use the
distributive property again to finish the problem. Let’s have a look:

Simplify:
Ex. 6 (2a—3)(3a + 5)
Solution:
(2a — 3)(3a + 5) = (2a — 3)(3a) + (2a — 3)(5) = 3a(2a — 3) + 5(2a - 3)
Now, distribute the 3a and the 5:
3a(2a — 3) + 5(2a — 3) = 3a(2a) — 3a(3) + 5(2a) — 5(3)
= 6a” — 9a + 10a — 15. Finally, combine like terms:
=6a’+a—15.

Ex. 7 (3x — 0.4y)(2x% — Txy + 1.3y
Solution:
(3x — 0.4y)(2x* — 7xy + 1.3y?)
= 2x%(3x — 0.4y) — 7xy(3x — 0.4y) + 1.3y*(3x — 0.4y)
= 2x%(3x) — 2x*(0.4y) — 7xy(3x) — (— 7xy)0.4y + 1.3y*(3x) — 1.3y*(0.4y)
= 6x° — 0.8x%y — 21x%y + 2.8xy” + 3.9xy? — 0.52y°
= 6x° — 21.8x%y + 6.7xy* — 0.52y°

Ex. 8 (3x + 2y)?
Solution:
(3x + 2y)* = (3x + 2y)(3x + 2y)
= 3x(3x + 2y) + 2y(3x + 2y)
= 3x(3x) + 3x(2y) + 2y(3x) + 2y(2y) = 9x* + 6xy + 6xy + 4y®
= OX° + 12xy + 4y°.

Multiplying a polynomial by a polynomial vertically.
When multiplying two numbers in arithmetic like 684 and 73, we do not

multiply them horizontally, but multiply them vertically taking care to line up
the place values. Let’'s look at an example:



Simplify:
Ex. 9 684 x 73
Solution:
21 4 x 3 =12, write down 2, carry the 1.
684 8 x3=24,24 +1 =25, write down 5, carry the 2.
x 3 6 x3=18,18 + 2 =20, write down 20

2052 (1% partial product)
Write down a zero.

52 4 x 7 =28, write down 8, carry the 2.
684 8 x 7 =56, 56 + 2 = 58, write down 8, carry the 5.
x 70 6x7=42,42 + 5 =47, write down 47

47880 (2" partial product)
Now add the two partial products:
684
x 73
1
2052 <« 684 x3
+ 47880 <« 684 x70
49,932
So, the answer is 49,932.
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We can do the same thing with polynomial except instead of aligning place

values, we align like terms and we do not have any carries:

Ex. 10 (6x% + 8x — 4)(7x — 3)
Solution:
Start with the — 3 and multiply each term of the trinomial by — 3:

—4 -3 =12, write down + 12.
6x° + 8x — 4 8x ® — 3 = — 24x, write down — 24x.
-3 6x% e — 3 = — 18x?, write down — 18x°.
—18x° — 24x + 12 (1% partial product)

Now, move to the 7x and multiply each term of the trinomial by 7x:

— 4 o Tx = — 28x, write down — 28x.
6x° + 8x — 4 8x ® 7x = 56x°, write down + 56x°.
7X 6x% e 7x = 42X, write down + 42x°.
42x° + 56x° — 28x (2" partial product)




Now add by combine like terms:

6x° + 8x — 4

7x—3
—18x% — 24x + 12

+ 42x3 + 56x° — 28x
42x° + 38x° — 52x + 12

Ex. 11 (3x% — x + 2)(— 8x* + 2x — 5)
Solution:
Start with the — 5 and multiply each term of (3x* — x + 2) by — 5:

2e¢-5=-10.
3> — X + 2 —xe—5=+5x
-5 3x?e — 5= —15x%
—15x% + 5x — 10 (1% partial product)

Now, move to the 2x and multiply each term of (3x* — x + 2) by 2x:

2 e 2xX = + 4x.
3> —x + 2 — X ®2x =—2x°.
2x 3x%e 2x = + 6x°.
6x° — 2X° + 4x (2" partial product)

Finally, multiply each term of (3x* — x + 2) by — 8x*:

2 e—8x%=—16x°.

32— X+ 2 —x o —8x%=+8x".
— 8x? 3x% e — 8x% = — 24x*.
— 24x* + 8x° — 16X (3" partial product)

Now add by combine like terms:

32— X +2
—8x°+2x—5
—15x% + 5x — 10
Bx° — 2X% + 4x
— 24x* + 8x> — 16X°
—24x* + 14x° = 33x* + 9x — 10

75



76

Ex. 12 (2x — 7)(3x —4)(3x + 4)
Solution:
First, multiply two of the polynomials. Then multiply the answer with
the third polynomial:
(3x — 4)(3x + 4)
= 3x(3x —4) + 4(3x — 4)
= 3x(3x) — 3x(4) + 4(3x) — (4)(4)
= Ox* —12x + 12x — 16
= 9x°* - 16.
So, (2x — 7)(3x — 4)(3x + 4) = (2x — 7)(9x* — 16)
2x -7
9x° ~ 16
—32x + 112
18x° — 63x°
18x° — 63x° — 32x + 112

Concept #2 Special Case Products

F.O.l.L. is a short cut for multiplying two binomials. Suppose we are
multiplying (3x — 5)(2x + 7). The first terms of the binomials are 3x and 2x.
F. stands for the product of the first terms.
(3x —5)(2x + 7) F. - (3x)(2x) = 6xX°
The outer terms of the binomials are next to the parentheses on the ends.
They are 3x and 7. O. stands for the product of the outer terms.
(3x—=95)(2x+7) 0. - (3x)(7) = 21x
The inner terms of the binomials are next to the parentheses in the middle.
They are — 5 and 2x. l. stands for the product of the inner terms.
(3x—=5)(2x + 7) l. - (- 5)(2x) = — 10x
The last terms of the binomials are — 5 and 7. L. stands for the product of
the last terms.
(3x=5)(2x +7) L.> (-5)(7)=-35
F. O. I L.
So, (3x — 5)(2x + 7) = 6x* + 21x — 10x — 35 = 6x* + 11x — 35.

Simplify using FOIL.:

Ex. 13 (7x% — 5y)(3x + 8y)
Solution:

F. 0. l. L.
(7x* = By)(3x + 8y) = (7x*)(3x) + (7x*)(8y) + (- 5Y)(3x) + (- 5y)(8y)
= 21x% + 56x%y — 15xy — 40y?



Ex. 14 (0.3a — 0.4b)(0.7a + 0.9b)
Solution:
F. o. I. L.
(0.3a — 0.4b)(0.7a + 0.9b) = 0.21a% + 0.27ab — 0.28ab — 0.36b?
=0.21a* - 0.01ab — 0.36b.

Ex 15 (gx-7)(5x-7)

Solution:
F. 0. 1. L.

f (5:)(50+ (1) 3—2)_+ C7)eH) - C7))

81 BT X e T X T a9

To see where the formulas for the Perfect Square Trinomials come from,

let’'s work the following examples:

Simplify:

Ex. 16 (F + L)?
Solution:
(F+L)F+L)=(F+L)F)+(F+L)L)=F(F+L)+L(F +L)
Now, distribute the F and the L:
F(F + L) + L(F + L) = F(F) + F(L) + L(F) + L(L)
= F2 + FL + FL + L2 Finally, combine like terms:
= F? + 2FL + L.

Ex. 17 (F = L)?
Solution:
(F-L)YF-L)=(F-L)F)-(F-L)L)=F(F-L)-L(F-L)
Now, distribute the F and the — L:
F(F — L) - L(F - L) =F(F) - F(L) - L(F) — (= L)(L)
= F2— FL — FL + L2 Finally, combine like terms:
= F2 - 2FL + L%

The Perfect Square Trinomials:
1) (F+L)=F°+2FL+L?
2) (F-L)*=F*=2FL + L?
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Use a perfect square trinomial to square each binomial:

Ex. 18 (0.8x + 0.5)°
Solution:
According to our special product formula (F + L)* = F? + 2FL + L?,
since F = 0.8x and L = 0.5, the answer should be:
(F + L) = F? + 2FL + L?
([0.8x] + [0.5])? = [0.8x]? + 2[0.8x][0.5] + [0.5]?
= 0.64x* + 0.8x + 0.25.

Ex. 19 (2x — y)?
Solution:
According to our special product formula (F — L)* = F? — 2FL + L?,
since F = 2x and L =y, the answer should be:
(F—L)*=F?—2FL + L?
([2x] — [y])* = [2X]° - 2[2x][y] + [y]* = 4" — 4xy +y*.
5 8 \2
Ex. 20 (EX - 7y)
Solution:
According to our special product formula (F — L)* = F? — 2FL + L?,

since F = %x and L = %y, the answer should be:
(F—L)*=F?—2FL +L?

(124 - [%1)2 =[] -2 2[2] + [ﬁyf

B L] e S ] S
_ Y- ) 40 64 5
TR TR AT A

We see that these special products work for these special cases. It also
shows that (x + y)? # x* + y* and (x — y)* # x* — y°. When there is more than
one term inside the parentheses, we need to write the problem in
expanded form and then use are techniques for multiplying polynomials.
To see where the formulas for the Difference of Squares come from,

let's work the following example:
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Simplify:

Ex. 21 (F+L)F-L)

Solution:
(F+L)YF-L)=(F+L)F)—(F+L)(L)=F(F+L)-L(F+L)
Now, distribute the F and the — L.:
F(F+L)-L(F+L)=F(F)+F(L) - L(F) + - L(L)
= F2 + FL — FL — L2 Finally, combine like terms:
=F>— L~
The Difference of Squares

(F-L)YF+L)=F*-L?
Note (F + L) and (F — L) are called conjugates

Use the difference of squares to simplify.

Ex. 22 (2.3x — 1.6)(2.3x + 1.6)
Solution:
According to our special product formula (F — L)(F + L) = F> — L?
since F = 2.3x and L = 1.6, the answer should be:
(F=L)YF+L)=F*= L?
([2.3x] = [1.6])([2.3x] + [1.6]) = [2.3x]* = [1.6]* = 5.29%* — 2.56.

Ex 23 (gx+ 55v)(5x- v)
Solution:

According to our special product formula (F — L)(F + L) = F? — L2,

. 4 2
since F = 35X and L = Y the answer should be:

(F-L)F+L)=F - L?
([ -[EDd + [ =[34 - [Bo] = 54— 7
Concept #3 Applications to Geometry

Find the volume of the following:
Ex. 24

(4% — 3) ft

(4x — 3) ft
(8x + 9) ft
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Solution:
V = Lwh = (8x + 9)(4x — 3)(4x — 3)
First, multiply two of the polynomials. Then multiply the answer with
the third polynomial:
(4x — 3)(4x - 3)

F. O. . L
= 4x(4x) — 4x(3) — 3(4x) — (- 3)(3) = 16x* — 12x — 12x + 9
= 16x%° — 24x + 9.
So, (8x + 9)(4x — 3)(4x — 3) = (8x + 9)(16x* — 24x + 9)
16x% — 24x + 9
8x+9

144x% — 216X + 81
128x° — 192x% + 72x
128x° — 48x° — 144x + 81

So, V = (128x° — 48x* — 144x + 81) ft°.

Find the area of the triangle:

Ex. 25
- \ (2x—4) m

(5x _ 3) m

Solution:

The formula for the area of a triangle is A = %bh. The base
b = (5x* — 3) m and the height h = (2x — 4) m. Thus,
A= %bh = %(5x2 — 3)(2x — 4) (F.O.I.L.)
F. 0. . L.
A= %[(5x2)(2x) + (5X%)(— 4) — 3(2x) — 3(— 4)] (simplify)
= %[1 0x® — 20x2 — 6x + 12] (distribute the %)

A=5x>-10x"-3x + 6
Thus, the areais (5x° — 10x* — 3x + 6) m°.



