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Sect 7.7 — Multiplying and Dividing Algebraic
Expressions

Objective 1: Review of Exponential Notation

In the exponential expression 4°, 4 is called the base and 5 is called the
exponent. This says that there are five factors of four being multiplied

together. In expanded form, this is equal to 4e4e4e4e4 |n general, if nis a
positive integer, then a" means that there are n factors of a being
multiplied together.

Definition

Let a be a real number and n be a positive integer. Then
a" = aeaeaeaca ... *a a is the base & n is the exponent or power.

n factors of a

Note, some books use a natural number instead of a positive integer, but a
positive integer is the same as a natural number. In this section, we will
expand the use of the exponential notation to include the use of variables
and develop some rules for simplifying variable expressions involving
exponents.

Write the following in expanded form:

Ex. 1a x’ Ex. 1b (r—8)°
Ex. 1c (- 7t)* Ex. 1d — 7t
Solution:

a) The base is x, and the power is 7, so X' = xexexexexexex.
b) The base is (r — 8) and the power is 3, so (r — 8)°
= (r—8)e(r—8)e(r — 8).
c) The base is (- 7t) and the power is 4, so (- 7t)*
= (= 7t)e(— 7t)e(— 7t)e(— 71).
d)  The base is t and the power is 4, so — 7t* = — 7tetetet,

Objective 2: Multiplying and Dividing Common Bases

To see how multiplication works, let us examine the following example:
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Simplify the following:

Ex. 2 x x>
Solution:

Write x*> and x° in expanded form and simplify:
X 0X> = (XOXOXOXOX)®(XOXOX) = XOXOXOXOXOXOXOX = X°.
Notice that if we add the exponents, we get the same result:
x°ex® = x>*3 = x%. This introduces our first rule for exponents.

Multiplication of Like Bases (The Product Rule for Exponents)
If m and n are positive integers and a is a non-zero real number,
then a™ea" =a™"".
In words, when multiplying powers of the same base, add the
exponents and keep the same base.

Simplify the following:

Ex. 3a yoy® Ex. 3b (— 5y)""e(= 5y)"°(- 5y)
Ex. 3c 71%e712 Ex. 3d a’eg°egebepep’’
Solution:

a) y7.y8 — y7 +8 _ y15_

b) (= 5y)'"e(-5y)"(- 5y) = (- 5y)"" T * T = (- By)*"
C) 714.712 = 714+ 12 = 726.

d) a2.a5.a.b3.b.b11 = a2+5+1b3+1+11 = a8b15
Notice that we cannot simplify a’b'° since the bases are not the same.
Keep in mind that property #1 only works for multiplication involving one
term. It does not work for addition and subtraction.

Ex. 4a 3x*e5x* Ex. 4b 3x* + 5x*
Ex. 4c x* —x* Ex. 4d x3(— x*)
Ex. 4e (— 4x%) (= 7y?)

Solution:

a) 3x*e5x* = 3e5x%ex* = 15x°.
b)  Caution, the operation is addition. Combine like terms:
3x* + 5x* = 8x".
c) There are no like terms to combine, so our answer is x° — x*.
d) X3(—X4)=—X3+4=—X7
e) (- 4x°)(-7y?) = 28x°y?. We cannot simplify the x*y? since the
bases are not the same.
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To see how division works, let us examine the following example:

Ex. 5 Y

Solution:
Write both the numerator and denominator in expanded form and
divide out the common factors of y:
y_8 — yeyeyeyeyeyeyey — yoyoy/oxy;/yo/y’}/y/yy - yoyoyo1o1o1o1o1 — 3
z :

y yeyeyeyey Jogeyeysy TeTeTeTe]

This example illustrates our second property:

Division of Like Bases (The Quotient Rule for Exponents)
If m and n are positive integers where m = n and a # 0, then
am
an
the exponent in the numerator minus the exponent in the denominator and

keep the same base.

=a™~". In words, when dividing powers of the same base, take

Simplify the following:

x24 g93
Ex. 6a G Ex. 6b g
8 6.3
Ex. 6¢ £ Ex. 6d XL
y xy2
Solution:
a) i: _ (24-6 _ 18
X
b) % - 893—31 - 862
8
o) -=yl=y
6.3
d) %y);_ - X6—1y3—2 - X5y1 - x5y.
_ 6,,7-,5
Ex.7a (- 4a’*c)(7a’bc?) Ex. 7b %
Xyz
Ex. 7c (—6a2b°c)(—5ab%c?)

(—10ab)(ab?)
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Solution:

a) (-4a’v*c)(7a’bc’) (use the commutative and associative
properties of multiplication to group common bases together)
= — 4e73%3 eb*epecec?
= _28a3+7b4+1c1 +3
= —28a'%°c".

b)  Be careful with % since they are not exponents. We will

—28x8y7z5 _ 28 5.2 7_1_5-4
need to reduce that part: = X z
P 21x2yz4 21 y
-4 .46
=-3Xyz

c)  First, simplify the numerator and denominator:

(-6a2b>c)(—5ab%c?) _ —6e-5a2"'b>*4c'*2 _ 30a%b%c?
(-10ab)(ab?) ~10a'*1p'*+2 ~10a° b3

Now, perform the division:

30a8b%c3 _ 30 3-2,9-3.3_ 6.3
—0a2p? . —108 b” “c” =—3ab°c".
Objective 3: Understanding Zero and Negative Exponents

Let’'s examine the quotient rule when the powers are equal.
Simplify:

25

25
Solution:

Ex. 8

There are two ways to view this problem. First, any non-zero
5
number divided by itself is 1, so, 2—5 = 1. But, using the quotient

2° 55 _ 00 Thi 0_ :
ruIe,2—5—2 = 2". This says that 2” = 1. We can do this same

trick with any base except for zero.

Zero Exponents
If a is any non-zero real number, then a’=1.
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Simplify:

Ex. 9a 3° Ex. 9b (- 3)°

Ex.9¢c  -3° Ex.9d  -3x°

Ex. 9e — 3x%y° Ex. of — 3(x%y)°

Ex. 99 — (3x°y)° Ex. 9h (- 3x%y)°
Solution:
a) 3°=1
b) (-3)°=1
c) -3"=—-(1)=-1 (the 0 exponent only applies to 3)
d) -3x"=- 3(1) =-3 (the 0 exponent only applies to x)

e) —3x° ¥ =— 3x (1) =—3x%  (the 0 exponent only applies to y)
f) 3(x (1)=- (the 0 exponent only applies to x%y)
g) - (3x° y) =— (1) =— 1. (the 0 exponent only applies to 3x%y)

h) (=3x%)°=(1)=1.

Let’'s examine the quotient rule when the power in the denominator is larger
than the power in the numerator.

Simplify:
5
Ex. 10 2—8
2
Solution:

There are two ways to view this problem First, 25 =32and 2% =

256, then i =32 which reduces to —.But, = = =1 SO i =1
28 256 237777 08 937

But, using the quotient rule, ~- = =2°78=273 This says that

27 3= 2—3. We can do this same trick with any base except for zero.

Also, — =42 =16 since ——=1+4"2=1+ - =1e4°=42=16
4 4 4

Negative Exponents

If a and b are any non-zero real numbers, thena™" = in and
a
1 —n _ a—n _ bn _ b n
P ". Note this also implies that ( . ) e (;) .

In words, when raising a quantity to a negative power, take the
reciprocal of the base and change the sign of the exponent.
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Simplify the following. Write your answer using positive exponents:

Ex. 11a 1172
Ex. 11c g%
—2
Ex. 11le
pu
Solution:
a) 1172
-1
194
-1
o121
by (-3)*
- 1
(-3)*
-1
T 81
C) 5_—2
— 52
= 25,
d 5
) o
= 5e(— 2)*
= 5016
= 80.
7—2
e) 6_—3
_ 63
T2
216

Ex. 11b (- 3)*
Ex. 11d ——
(-2)

(apply the definition of a negative exponent)
(simplify)

(apply the definition of a negative exponent)
(simplify)

(apply the definition of a negative exponent)

(simplify)

(apply the definition of a negative exponent)

(exponents)
(multiplication)

(apply the definition of a negative exponent)

(simplify)
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—4x‘3y2 (_2)3a—3b7c—5
Ex. 12a P Ex. 12b RPN
2 -2
Ex. 120 —2 Ex.12d 3+ (L) -7°
\'
Solution:

a) If the exponents are already positive, do not move the factors.
Only move the factors that have negative exponents:

—4x_%y? L _
e 235 (negative + positive is negative)
4x3y? _— _
=T .35 (apply the definition of a negative exponent)
a
4bdy2 )
R (Note — 4 is not an exponent, but a number

so we do not move it).

b) If the exponents are already positive, do not move the factors.
Only move the factors that have negative exponents:

-2)*a—3p’c® N
((_7)); = 4r2(\;/0 (simplify)

= ZBaThic? (negative + positive is negative)
49q_4r2v0
-3Kp7~—5
=— % (apply the definition of a negative exponent)
q rv
—__8'q
49a3c%r?\0
8b7q4 8b7q4 8b7q4
Butv®=1, so - = = —
v 49a3c%r?\0 49a3c5r2(1) 49ac°r?
2
c) —>—— (#1 product rule in the denominator)
h™'v ™ "h
2
= h2X — (apply the definition of a negative exponent)
\"
— V8X2
=
1 7\ % 0 L .
d 3 + (5) — 7" (apply the definition of a negative exponent)
2

_ 1 () o_ 1 4 — 86
=L + — =1 4+ _ =_ 50
3 7 3 49 1 147

~N o
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Objective 4: Multiplying and Dividing when one expression has more
than one term.

Recall how we used the distributive property to simplify the following:

Simplify:
Ex. 13 —4(— 3x + 6 - 2y)
Solution:

—4(—3x+ 6 —2y) = —4(— 3x) + (— 4)*6 — (— 4)e2y
=12x + (— 24) + 8y = 12x — 24 + 8y.

We can extend this idea to multiplying a polynomial by a monomial.
Suppose in example 13, we change the — 4 to — 4x%y. Let’s see what
happens:

Ex. 14 — 4x%y(— 3x + 6 — 2y)
Solution:
— 4x%y(— 3x + 6 — 2y) = — 4x%y(— 3X) + (- 4x%y)*6 — (— 4x°y)e2y
= 12x%y + (— 24x%y) + 8x%y? = 12x%y — 24x%y + 8x%y2.

Ex. 15 - %a2(5a3 —6a” + %a - %)
Solution:
- %az(Sa‘°’—6a2 + % a ' - %)
- 2a(50)- (- 3950+ (39 o ) - (- 34)3)
=_ 1_3?35 +43% — %a + %az.
Ex. 16 —0.7cd(3c? —4cd + 2d ~°)
Solution:

—0.7cd(3c? — 4cd + 2d 73)
= — 0.7cd(3c?) — (- 0.7cd)(4cd) + (- 0.7cd)(2d ~®)
=—2.1c*d + 2.8¢%d* — 1.4cd 2

=-2.1c% + 2.80°d - =

The same basic idea applies in division if we are dividing by an expression
with one term:
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2
Ex 17 3x —2x+12
Solution:

3x%2 —6x+12
3

the % to each term and simplify:

Since is the same as %(3x2 — 6x + 12), we can distribute

2
F(3) = 1(6x) + 2(12)= 2= - T+ 2 = _2x+ 4,

Notice that we divided each term by 3 to get the answer.
In general, to divide an expression by one term, divide each term of the
expression by that term and simplify.

Simplify:
253 _15t24+30t
Ex. 18 15t
Solution:
3 4542 3 2
25t 15t°+30t _ 25t _ 15t | 30t _ 5.2 4. 5
15t 15t 15t 15t 3

Ex. 19 (18x° — 27x° + 3x°) + (3x%)

Solution:
6 5 3
(18x° = 27x% + 3x%) + (3x%) = 12X _ 21X 4 9 — g3 _gx? + 1
3x 3x 3x
2 4p2
Ex. 20 8xy 16;( 32/+24xy
4x“y
Solution:
8xy2 —16x2y +24xy _ 8xy? _ 16x°y + 24y 2 _ 4, 6
4x2y2 4x2y2 4x2y2 4x2y2 X y Xy

Ex. 21 (42a°b° — 3a°b” + 21a°b°) + (7a°b’)

Solution:
) 42a%° 3a%b’ 21a%p®
42a°b°® — 3a°b” + 21a°b®) + (7a°b’) = — +
( ) ( ) 7a5b7 7a5b7 7a5b7
- 6a 3, 3
b2 7 a2



