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ABSTRACT

We recently developed a multiscale recursive estimation

procedure for the estimation of large-scale dynamic sys-

tems. The procedure propagates multiscale models for

the estimation errors more e�ciently than the Kalman

�lter's propagation of the error covariances, with a re-

sulting computational complexity of O(N ) and O
�
N3=2

�
,

where N is the number of variables estimated, for 1-

D and 2-D dynamic systems, respectively. To further

reduce the computational cost, we introduce in this pa-

per a new class of reduced-order spatially-interpolated

multiscale models, and demonstrate their use in remote

sensing.

1. INTRODUCTION

The statistical estimation of two-dimensional dynamic
systems is of great interest in many applications, such
as ocean-height[2] or ocean-temperature (Fig. 1) map-
ping, where methods for assimilating data with dy-
namics have hitherto been limited. Even systems gov-
erned by simple dynamics such as di�usion present a
challenge, due to the large state-dimensions (compared
to one-dimensional problems) and to the time-varying
nonstationary statistics (compared to most static prob-
lems).

In our past work [3, 4] we adapted a multiscale
stochastic modeling and estimationmethodology to the
estimation of 1-D and small 2-D dynamic systems. In-
stead of propagating error covariances over time, like
the Kalman �lter, the multiscale recursive estimation
algorithm propagates models for the estimation error,
not covariances, and does so e�ciently.

This paper addresses the challenges encountered in
larger problems than studied earlier. Speci�cally, we
consider a class of reduced-order models and interpola-
tion methods for estimation of 2-D processes that fur-
ther reduce the computational cost, and present prelim-
inary dynamic ocean-temperature estimation results.

Fig. 1. Mean ocean temperature and superimposed mea-
surements.

2. DYNAMIC ESTIMATION

Consider a dynamic system,

z(t+ 1) = Ad z(t) +wd(t); (1)

The form of least-squares time-recursive estimators (which
includes the optimalKalman �lter) consists of two stages.
One, the update stage,

ẑ(tjt) = ẑ(tjt� 1) + �̂(tjt� 1); (2)

takes the measurements into account, where �̂(tjt�1) is
the estimate of the prediction error �(tjt�1). The mea-
surement update step is essentially a static estimation
problem, for which e�cient methods are well-studied.
Much more troubling is the prediction stage:

ẑ(t+ 1jt) = Ad ẑ(tjt); (3)

which accounts for time. The spatial mixing, intro-
duced by all but the most trivial dynamics, destroys the
particular statistical structure which one might wish to
assume (via sparse matrices, preconditioning, or mul-
tiscale methods) to gain e�ciency in the update stage.

This paper investigates ways of propagating multi-
scale models through the prediction step for fast esti-
mation for large problems.
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Fig. 2. An example multiscale quad-tree for modeling two-
dimensional �elds.

3. MULTISCALE ESTIMATION

The multiscale recursive estimator in [4] achieves its
computational e�ciency by propagating amodel for the
estimation errors � through time without explicitly cal-
culating or storing the second-order statistics P �(tjt).
The error �elds are modeled on tree structures, such as
that of Fig. 2 on which each node has q = 4 children:

x(s; �j�) = A(s; �j�)x(s�
 ; �j�)+B(s; �j�)w(s; �j�): (4)

x(s; �j�) is the state at s, which indexes the nodes of
the tree, and where w(s; �j�) is a white noise process
uncorrelated with x(0; �j�). The q + 1 subtrees con-
nected to node s are conditionally decorrelated by the
state x(s; �j�), which makes possible an e�cient scale-
recursive estimation algorithm on the tree.

We are interested in de�ning the multiscale state at
s as a linear function of the process � of interest:

x(s; �j�) = L(s; �j�)�(�j�): (5)

Given (5) and P �(�j�), the model parameters A(s; �j�)
and B(s; �j�) are determined from the joint statistics
between x(s; �j�) and x(s�
; �j�). The challenge arises
in obtaining a model for the predicted error: to �nd
A(s; t+1jt) andB(s; t+1jt)) we need the joint statistics
between

x(s; t+ 1jt) = L(s; t+ 1jt)Ad�(tjt) (6)

x(s�
; t+ 1jt) = L(s�
; t+ 1jt)Ad�(tjt) (7)

which is much more involved than the joint statistics
between x(s; tjt), x(s�
 ; tjt) due to the mixing e�ect of
temporal dynamics Ad. The speci�c additional joint
statistics which are required depend on the choice of
L(s) and on the dynamics. For nearest-neighbour dy-
namics, the non-redundant state assignment of 3 is ef-
fective, since the pixels adjacent to node s lie on the
parent or child of s, greatly limiting the additional joint
statistics involved.

Fig. 3. The non-redundant linear functionals for modeling
a 17�17 2-D MRF on a three-level tree.

4. REDUCED-ORDER 2-D MODELS

Given the degree of correlation between neighboring
elements of typical 2-D random �elds, a reduced-order
state that models only a subsampled set of the bound-
ary points, may adequately capture the correlation struc-
ture of the �eld and leader to faster estimation. How-
ever for non-redundant models (as in Fig. 3), where
each �eld pixel appears in only one tree state, a sub-
sampled state means that some elements of the �eld
of interest appear nowhere on the tree. Although it
is possible to ignore these elements for the purposes
of static estimation, in performing the prediction step,
estimates and error statistics will be required.

Let us denote the boundary points not represented
in x(s) by �(s). The simplest solution is to linearly
predict the missing points from each state:

�(s) =M (s)x(s) +w�(s��); (8)

whereM (s) = P �;x(s)P
�1(s). This approach is rather

limited, in that it ignores the 2-D structure of the �eld,
and neglects to use nearby pixels from other state ele-
ments in the interpolation process.

A more sophisticated method is to interpolate �(s)
based on all nearby state elements; that is,

�(s) =M (s)

2
666664

x(s)
x(s�
)
x(s�1)

...
x(s�q)

3
777775
+w�(s�� ): (9)

The advantage of such a 2-D interpolation method is
that it leads to better estimates and realized error vari-
ances; on the other hand, one pays a computational
penalty, especially during the prediction step, since a
greater number of joint statistics need to be computed
in order to compute the model parameters.



O
Fig. 4. Dynamic estimation of Paci�c surface-temperature, three days apart.

5. RESULTS

We will model our dynamics as a di�usion process,

@z

@t
= r2z � � � z + 
 � !; (10)

where z is the temperature distribution; ! is white
Gaussian noise, and � and 
 are constants. Fig. 5 shows
a 17�17 pinned cooling sheet example with four point
measurements. We compare the realized statistics and
fractional variance reduction

FVR =
Var(process) � Var(updated error)

Var(process)
(11)

of two multiscale estimators | one using dense bound-
ary points and the other subsampled boundaries with
2-D interpolation. Fig. 4 shows a small part of a more
ambitious exercise | the dynamic estimation of the
ocean surface temperature over six months.

The non-redundant linear functionals work well for
modeling the estimation errors under a variety of more
general conditions, e.g., when and the number and lo-
cations of measurements are time-varying. Since the
problem is time-varying and does not attain steady-
state, we compare the multiscale estimates with the
optimal ones.
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Fig. 5. Performance comparison of suboptimal multiscale
steady-state estimators; (a), (c) Realized updated error
variances. (b), (d) Degradation in multiscale FVR, within
about 2% of the optimum.
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