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1 Introduction

Since the introduction of the multiscale framework by Willsky, Benveniste, Chou, et al. [3], a
significant amount of work has been done on its theoretical development and on its application to
real problems. The continued interest in this framework stems in large part from the existence
of an efficient multiscale smoothing algorithm capable of handling non-stationary processes and
measurements, as well as generating error statistics—information demanded in many applications—
with no additional computation beyond what is needed to compute the estimates themselves [4].

In recent years, each advancement in modeling techniques has resulted in new areas of applica-
tion. Simple multiscale models for 1/ f-like random fields developed early on have proven effective
in application to surface reconstruction [7,8], optical flow [14], and MRI image segmentation [13].
Multiscale models for exact and approximate Markov random fields (MRF) fall under a class of
so-called internal models and have been applied to texture classification [15] and ocean hydrogra-
phy [18]. Other internal models have been used for modeling fractional Brownian motion [6] and
for solving inversion problems in ground-water hydrology [5]. Techniques for modeling random
fields with any second-order statistical structure are available, but suffer from high computational
complexity [11,12].

Although there have been significant advances in techniques for the realization of multiscale
models, there remain a number of important open problems two of which will be addressed in this
paper. After reviewing the basics of the multiscale framework we will outline in Section 3 a new
static realization method that is two orders of magnitude more efficient than methods previously
available [11,12] but no less general. The second area of current effort (Section 4) focuses on the
extension of multiscale methodology to dynamic systems [10], motivated by applications including

ocean circulation models and numerical methods for distributed parameter systems.
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Figure 1: A dyadic tree. We denote the finest level as scale M; the coarsest scale is scale 0. Nodes

saq and sao are the left and right children of node s, respectively while s7 is the parent of node s.
2 Multiscale Framework

In the multiscale framework, zero-mean random fields are modeled on multiscale tree structures

whose scale-to-scale relationship is expressed as:
©(s) = A(s)z(sy) + B(s)w(s), (1)

where s is any node of the tree, s is the parent node of s, and w(s) is a white noise process un-
correlated with the root-node state of the tree #(0), which has mean 0 and covariance Pgg). As a
result, the multiscale process x(-) has the following Markov property: conditioned on x(s) the sub-
processes of () indexed on the disjoint subtrees extending from node s are mutually conditionally
uncorrelated. Because of this Markov property and in analogy with standard state-space models,
x(s) is referred to as the state at node s. This Markov property leads to an efficient scale-recursive
smoothing algorithm which is a generalization of the Rauch-Tung-Striebel smoother [4].

While the multiscale framework and algorithms apply to any tree whatsoever, one-dimensional
random processes are typically represented at the finest level of a dyadic tree, as illustrated in
Figure 1. Two-dimensional random fields are typically represented at the finest level of a quad-
tree. The challenge is to determine appropriate multiscale state definitions at coarser scales and
the model parameters A(s), B(s), and Pgq) so that the process x modeled at the finest scale
of the tree has the desired statistics. This is the stochastic realization problem. A convenient
parameterization for the realization problem is given by the class of internal models, in which state

variables at s, x(s), are linear functions of x:



We refer to the individual rows of LT (s) as linear functionals and the collection LT (s) as an
internal matrix. Once the internal matrices are found, the model parameters can be determined
from second-order statistics for x as follows. Viewing (1) as the linear least squares estimation
(LLSE) of «(s) based on x(s7y) plus the estimation error, and using standard LLSE formulae, we
find that

A(s) = L7()PyL(sy) (L"(s9) P L(s7) . 3)

B(s)B"(s) = L"(s)PyL(s) — A(s)L" (57) PxL(s) . (4)

The state covariance at the root node Pg) is simply L"(0)P, L(0).

The internal matrices for MRFs can be specified without computation. The linear functionals
retained at each node s consist of edge points of x(s) in 2-D or end points in 1-D [15], where
x(s) is the portion of x that descends from s. One algorithm for computing internal matrices
for general random fields is based on canonical correlations analysis [1,11]. An advantage of this
canonical correlations approach is that it provides a prioritized ordering of the information retained
at each state. Thus, if a reduced-order approximate realization of x is desired, it is clear what state
variables are least important and can be discarded. Reduced-order realizations are often desired
because the multiscale estimator has computational complexity that is cubic in state dimension. A
serious disadvantage of the canonical correlations approach of [11,12], however, is its computational
complexity of O(N?), where N is the size of x. The new approach outlined in the next section is

only quadratic in problem size.

3 Efficient Multiscale Realization

3.1 Decorrelating Random Vectors

The heart of the realization problem is finding for each s the internal matrix L’ (s) so that (i) the
state &(s) = LT (s)x contains the appropriate decorrelating information as dictated by the Markov
property associated with (1), (ii) the number of rows of L (s) is minimal, and (iii) the information is
prioritized. We will address these three challenges by considering a pair-wise decorrelation problem
which is then easily generalized for the problem of decorrelating three (or more) random vectors.

While our approach is general, for simplicity and clarity we shall restrict attention to the realization



of a one-dimensional processes modeled on dyadic trees. Details omitted here may be found in [9].

Let z = [27 2117 have zero-mean where z; has length n; and n; < no. Also,
A A
P; = E[z;z]] and Py = E[z123]. (5)

Let M, be the set of r X n; matrices. Canonical correlations analysis provides the matrix V- € M,
such that conditioned on V' z; the vectors z; and zo are maximally conditionally decorrelated.
Since V is restricted to have r rows, we cannot expect that z; and z9 are exactly conditionally
decorrelated by V'z;. What canonical correlations analysis provides is the best possible decorre-
lating information subject to this row constraint. The drawback to this approach, which forms the
engine of the method of [12], is that it is computationally intensive, requiring O(n3) operations.

Our approach? instead considers the mean square estimation error (MSEE) in estimating zo
based on a r linear functions of z;. By considering the optimal estimation gain matrix PITQPfl,
it can be shown that the element of M, which minimizes the MSEE is given by the first r rows
of the matrix UTPII/2 where UAUT is the eigen-decomposition of Pf1/2P12P1T2P;T/2 with the
eigenvalues forming the diagonal of A in decreasing order from upper-left to lower-right. The
computational complexity of computing UTPl_l/ % is O(no).

To mutually conditionally decorrelate the three sub-vectors of z = [z7 21 2117 as in the case
for realization on dyadic trees, we simply consider the two pair-wise problems of finding the best
251"

V121 to conditionally decorrelate z; and [22T and the best V22 to conditionally decorrelate

zy and [z] 2117, What “best” means here depends on the approached used—canonical correla-
tions minimizes correlation coefficients while our approach minimizes MSEE. The stacked vector
[(Vlzl)T (szz)T]T will exactly conditionally decorrelate z1, zo, and z3 if no restrictions on the
number of rows of V'; and V'3 are applied. Approximate conditional decorrelation is obtained under

a row constraint.

3.2 Realization Algorithm

For internal multiscale processes the Markov property mentioned before is equivalent to the fol-
lowing simpler condition: x(s) at scale n # M conditionally decorrelates x(sa1), x(sas), and

{z(t) | tis at scale n + 1, # saq,saz}. Therefore, if this simpler condition is satisfied at each

2A similar approach applied to the classical stationary AR stochastic realization problem is discussed in [2].
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Figure 2: (a) is Py, the covariance for 64 samples of fBm(0.3) on (0,1]. (b) and (c) are the element-
wise absolute value of the difference between the Py and the finest scale covariance realized by:

(b) the method of [12]; (c) our approach. In both cases the maximum state dimension is four.

node s then the Markov property is automatically satisfied. The algorithm proceeds as follows. For

each scalen =M —1,M — 2,...,0 and for each node s at scale n do the following;:

1. For i = 1,2, find the vector V44, @(sa;) which minimizes the MSEE in estimating the other

states at scale n+ 1 from V4, 2(sqa;). This is a pair-wise problem as described previously.

T
2. Form the stacked vector [(Vsala:(sozl))T (Vsa2a:(soz2))T] . This solves the three-way prob-

lem involving x(say), (sag) and all the other states at scale n + 1 as described previously.

3. If the resulting state dimension is too large, delete the appropriate number of rows of the
V sa; matrices. Because the rows of V4, are in priority order, it is a simple matter to decide

which information is least important.

Together the {V 44, } define the internal matrices. Notice that in the above algorithm each node
is visited once and the complexity of the calculation at each node is O(N). Therefore, the overall
complexity is O(N?)—constant computational complexity per element of P+ the matrix that we

are trying to realize.

3.3 An Example

As an example we compare our approach to that described in [12] for the case where x consists of
samples of fractional Brownian motion (as defined in [17]) with Hurst parameter H = 0.3 (denoted

by fBm(0.3)). Figure 2(a) illustrates P+, the covariance matrix for 64 equally spaced samples



of fBm(0.3) on the interval (0,1]. Figure 2(b) illustrates the element-wise absolute value of the
difference between Py and the finest-scale covariance realized by the method described in [12]
based on canonical correlations. Figure 2(c) illustrates the element-wise absolute value of the
difference between Py and the finest-scale covariance realized by our MSEE-based method. For
both cases the maximum state dimension is four. The main message of Figure 2 is that the two

methods yield approximations to P+ of comparable quality. However, our approach is O(N 2) while

that of [12] is O(N?).

4 Multiscale estimation of Dynamic Systems

The fast realization algorithm just discussed assumes that the covariance of the random process to
be realized is available. This, however, is not always true. Suppose that we wish to construct the
steady-state estimator of a large dynamic system. Solving for the exact steady-state estimation
error covariance is an O(N?) operation with a storage requirement of O(N?).

Our proposed multiscale dynamic estimation algorithm is best explained by drawing a parallel
with the discrete-time Kalman filter. Similar to the Kalman filter’s initialization with prior error
covariance, we initialize with a multiscale model for the errors. The strategy of our algorithm is
to then propagate the multiscale models for the updated and predicted estimation errors through
time much like the Kalman filter propagates the error covariances, but in a computationally efficient
manner and without ever computing or storing the full error covariance matrix. We assume a fixed
set of linear functionals for modeling the estimation errors, but allow the model parameters to be
modified over time.

We will illustrate the development of multiscale dynamic estimation in the context of 1-D
diffusion processes governed by

0z 0%z

where z is the temperature distribution on a ring or rod depending on boundary conditions, ¢ is
white Gaussian noise, and # and 7y are constants. We discretize this PDE in space and time to

arrive at a system of difference equations

2(t+1) = Fz(t) + (%) (7)



Measurements are assumed to be stationary in time
y(t) = Hz(t) +v(t), (8)

where v(t) is white.

The Kalman filter update step incorporating new measurements at time ¢ can be interpreted
as static estimation of the predicted error z(t|t — 1) given innovation v(t) = y(t) — Hz(t|t — 1).
Given a multiscale model, A(s,t|t — 1), B(s,t|t — 1) for the predicted estimation error and given
v(t), we already know how to use the multiscale smoothing algorithm to efficiently compute the
updated estimates of Z(¢|t — 1), as well as to produce a multiscale error model, A(s,t|t), B(s,t|t),
for the updated estimation errors [16]. The missing piece now is a multiscale counterpart to the
Kalman filter prediction step, i.e., a method for constructing a multiscale model for the predicted
error z(t + 1|t) given a model for z(¢|t).

Constructing a multiscale model for the predicted error requires knowledge of cross-correlations
among certain nodes on the tree. For internal realization models of (2), such statistics can be
obtained from the error dynamics equation z(t + 1|t) = Fz(t|t) + £(t), since for the ith state at
node s

zi(s,t + 1[t) =17 (s)2(t + 1]t) = 1] (s)Fz(t|t) + 11 (s)&(t). 9)

and P(t|t) = E (2(t|t)2(t|t)T) can in principle be computed, but is to be avoided due to its large
size. Suppose that we can write
U(s)F= ) heilj(0), (10)
(0,9)€S

where (0, ) indexes the j-th state at node o and S is the set of indices of all states on the tree.

We can now write z;(s,t + 1|t) in terms of selected states on the updated error model,
wi(s,t+1t) = D hogu(oyt]t) +17 (s)€(2), (11)

(0,4)€S

and depending on L (s) and F a smaller set of statistics than the full P(£[t) needs to be computed.
By examining the exact steady-state estimation error covariances of 1-D diffusion, we found the
steady-state errors to be close to Markov, i.e., the inverse of the error covariance matrix is close

to banded. We may, therefore, use the end-point linear functionals for MRFs to approximately
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Figure 3: Performance comparison of the steady-state multiscale estimator and the optimal esti-

mator (with 5 =10 and SNR = 0dB).

model the estimation errors. With this choice of linear functionals and a banded dynamics matrix
F, (10) amounts to needing @(N) number of entries of the N x N matrix P(t|t) for the multiscale
prediction step. These entries can be filled by computing covariances among certain nodes on the
tree model, but filling all such entries exactly is an O(N?) operation, as extraneous entries are
computed in the process. However, if we allow exact computation of only covariances among nodes
along direct descendent lines and among nodes across descendent lines over loglog N scales, and
approximate the few remaining entries, the overall complexity for the prediction step is reduced to
O(NlogN).

We show one example here for a 64-element diffusion process with Dirichlet boundary condition
and one measurement at location 23. We iterate the update and prediction steps until the multiscale
estimator converges. We then use that as our suboptimal steady-state estimator and compare with

the optimal steady-state estimator. We use error variance reduction, defined as

Var(s.s. process) — Var(s.s. updated error)

variance reduction =

12
Var(s.s. process) (12)

to measure performance. The top panel of Figure 3 shows the variance reduction comparison be-



tween the steady-state optimal estimator and the steady-state approximate multiscale estimator,
and the bottom panel shows the percent degradation in variance reduction of the multiscale esti-
mator in relation to the optimal. The suboptimal multiscale estimator performed well for the case
shown in the figure as well as for other combinations of process and measurement parameters. This
level of performance is achieved with computational complexity of O(N) and O(N log N) for the

update and predictions steps, respectively.

5 Conclusion

In this paper we have outlined some recent developments in multiscale realization and estimation.
We have summarized a novel algorithm which can produce an exact or approximate realization
for any fine-scale covariance structure. One advantage of our approach to this problem is that it
is quadratic in problem size while the only other known general purpose realization algorithm is
quartic in problem size. Our future work in this area will focus on even more efficient algorithms for
the static realization problem. In particular, we seek algorithms capable of handling the extremely
large problems which arise in image processing contexts.

We have also introduced an approach to realization and estimation for dynamic processes by
propagating over time a multiscale model for the estimation errors. For 1-D diffusion, we were
able to achieve O(N log N) computational complexity and O(N) storage requirements versus the
Kalman filter’s O(N3) and O(N?). This algorithm has been shown to work equally well for other
types of dynamic systems, e.g. advection-diffusion. The challenge lying ahead rests in the expansion
to 2-D systems where controlling state dimensions becomes far more critical to computational

efficiency.
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