sin@ :i_(e'e -e") and cosf :l(e'e +e7%)
2 2
Proof
By Euler's Formula
€ =cosf+isn@ and e'? =cosf-isinb
Using Cramer’s Rule

11 1 e’ i - e’ 1 i -
det1 _J:—Z, det, [~ . |=—(e° -e™), detxe_ie _Jl:—(e" +e7%)
i0 -i0
O cos@ = det, £ *€ and
det A 2

det 0 _ -0 o _ _-if
isng=—>=5 "¢ _ gng=8"F_

det A 2 2i
QE.D.

For matrices A and B on which multiplication is defined.
AB =BA[ (A+ B)2 = A’ +2AB + B?
Proof

By a calculation

(A+B)? =(A+B)(A+B) = A> + AB+ BA+ B?.
Snce AB =BA (that is, A commutes with B)
(A+B)> = A> +2AB+B? = A + 2BA+ B?
Q.E.D.

(AB)" =BT AT

Proof
Let  A=[a],, ad B=[h],,

Therefore the product of A and B isdefined. Moreover the ij™ entry of AB is

P 0
AB = &aikbkj 0
= unxn

The transpose of AB,
P U
(AB)" = éajkbki 0
= L

The transpose of A and B are
B’ =[b;].., and AT =[a;] pm
Therefore the product of B" and AT is defined. Moreover the ij " entry of BT A is

D U
&bﬁajkg Snceb,,a, 00
=1 Dwxm

d O
? ajkbki U
= |:ilwxm

xm

BTA"

BTA



O (AB)" =BTA".
QE.D.

Foral nON with n=4, nl > 2"
Proof (by mathematical induction)
Let T={nON:n!>2"}
Claml: 40T
ifn=4,thenni=24
if n=4, then 2" =16
04=24>16=2*
040T
Claim2:if kOT, then (k+)OT
(k+2D!=(k+1k!
Snce kI> 2%, it followsthat
(k +Dk!> (k +1)2"
Sncek =24, it followsthat k+1=>5>2
O (k+Dk!> (k +1)2¢ > 2[R = 24"
Summary: It follows from Claiml and Claim?2 that T={4,5,6,...}
Inotherwords, Nn!>2"0OnONOn=4



