Conservation laws in the dynamics of pipes conveying high-speed fluids
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ABSTRACT: A class of differential equations governing the dynamic stability of fluid conveying pipes
is studied by Lie group methods. A system of equations determining the generators of the admitted
point Lie groups (symmetries) is derived and the general statement of the associated group-classification
problem is given. A simple relation is deduced allowing to recognize easily the variational symmetries, and
explicit formulae for the conserved currents of the corresponding (via Noether’s theorem) conservation
laws are suggested. Solutions of group-classification problems are presented for differential equations of
the foregoing type governing also vibrations of rods resting on a variable elastic foundation and rods
compressed by axial forces. The obtained group-classification results are used to derive collections of
conservation laws readily applicable in the dynamics of pipes and rods.

1 INTRODUCTION

A wide variety of classical rod theories rest on
linear fourth-order partial differential equations in
one dependent and two independent variables. The
aim of the present contribution is to study the in-
variance properties (symmetries) of the equations
of this type with respect to local Lie groups of
point transformations of the involved independent
and dependent variables. The work is motivated
both by the wide applicability of the equations in
question in structural mechanics, and by the re-
markable efficiency demonstrated by the symme-
try methods, especially when applied to differential
equations arising in physics and engineering. Actu-
ally, once the invariance properties of a self-adjoint
differential equation are established, an important
application of its symmetries concerning derivation
of conservation laws is available. As is well known,
the self-adjoint equations are the Euler-Lagrange
equations of a certain action functional. If a one-
parameter symmetry group of such a differential
equation turned out to be its variational symmetry
as well, that is a symmetry of the associated action
functional, then Noether’s theorem guarantees the
existence of a conservation law for the solutions of
this equation. Needless to recall or discuss here the
fundamental role that the conserved quantities and
conservation laws (or the corresponding balance
laws) have played in natural sciences, however it
is worthy to point out that the available conserva-
tion laws (balance laws) should not be overlooked

in the numerical analysis (when constructing finite
difference schemes or verifying numerical results,
for instance) of any system of differential equations
of physical interest. The aforementioned and many
other applications of the symmetries of differential
equations and variational problems as well as the
foundations of the Lie transformation group meth-
ods, including the basic notions, statements and
techniques, can be found in the books (Ovsian-
nikov 1978, Ibragimov 1985, Olver 1993, Bluman
& Kumei 1989). In the present paper, however,
as far as the application of the symmetry groups
of the equations studied is concerned, our atten-
tion is restricted to the constructing of conserva-
tion laws. Of course, the first task is to find these
symmetry groups, and as here we do not deal with
a single differential equation but with a class of
differential equations, this means to solve a group-
classification problem.

2 BASIC EQUATIONS

Consider the fourth-order homogeneous linear par-
tial differential equation

w111 + Xaﬂwa,@ + K(x)w = 0, (1)
in two independent variables z = (2!, 2?) and one
dependent variable w(x), where x** = X% are
constants such that (x'2)”+(x?)” # 0, and k() is
an arbitrary function. Here and throughout: Greek



