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�Os��m¤7��kO�Cpcgj~���e}¥¡iOexrj~ve|f1�m��oc~v{ho£w��Cgh{�oOe|fqgjoOe�~��mz�s�rjw��Cgj~vs��m¤�gjoOe|s�rhexgj~v{
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(q1, q2, . . . , qk)
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{|s�wnpcuve¸·X~�g7l�t¢s�ic�Okcfqghs�{|s�w}tc~��E�Cghs�rj~��Cu�fhe1�Crh{ho pcrhs�tcuvexw�f�{1�C�At¢eKr��Crhexu�lAs�tcg��C~��Oe|k¦��ð7�Ofjghe1��k¦�
s��Oe�~vf�iOfjiE�Cu�u�l�~���ghexrhe|fhghe|k£~���gjoOe}��fjlXwnpcghs�gj~v{K{|s�wnpcuve¸·m~�g=l��E��oOex� |M| ghex�Okcfqghs�~��mÞO�c~�g=l��ÙAs��Os��Ir��CpcoOfn¯òñm�Zó�³Qpcrhe|fhex�¡g�kcexg��C~�uve|k ��{|{|s�ic�¡ghf�sCz«��icw�exrhs�iOf�rhe|fjicu�ghf�s��¬Û;s�w�tc~��E�Cghs�rj~��Cu
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(q1(x), . . . , qi−1(x))
s�tcg��C~��Oe|k�Y7fhsKz��Cr1Z��Jð=zLgjoc~vf#kcexpZex�Okcex�O{|e�e¸·m~vfjghf1�XgjoOe��Cu���s�rj~�gjocwy~vf#{1�Cu�uve|k

Í���Íåî¢Î�Ë\[C�^]�s�rKf�e|¥�iOex�¡gj~��Cu\_¸�a`�gjoOexrj��~vfheI�¢��oOex���Cu�u§gjoOe�¥�iOexrj~ve|f�{1�C�¬t¢e}�I~���ex�¶t¢e¸z�s�rhe+�C�¡l¬�C�m¤
fj��exrq~vf#Õ¡�Os¨���9�cgjoOe}�Cu���s�rj~�gjocw ~vf�{1�Cu�uve|k£�Os��m¤7��kO�Cpcgj~���e�]�s�r-pcrhe|kcexghexrjwn~��Oe|kb_¸�;ð=�µgjoc~vfqpE�CpZexr1�
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�Cu�uvs1� ghs]iOfheKw�s�rhe�pZs¨��exrØz�icu§w��CgjoOexw��Cgj~v{1�CuJw�exgjoOs¡kcf1�dc#e|fj~vkce|f1��~��Aw��C�¡l�{1��fhe|f^]Ì~��O{xu�iOkm~��c�
gjoOsIfhe�{|s��Ofj~vkcexrhe|k�~���gjoc~vf;pE�CpZexr(_«�Os��m¤7��kO�Cpcgj~���e��Cu���s�rj~�gjocw�f-��{hoc~vex��e�gjoOe�pZs¨��exr�sCz���kO�Cpcgj~���e¸¤
�Oe|fhf1�eW�s�gheµ�CuvfhsAgjoE�Cg+~��%�Os��m¤7��kO�Cpcgj~���e��Cu���s�rj~�gjocw�f��Cu�u�¥�iOexrj~ve|f+{1�C��tZe�w���kce]~��%pE�Cr��Cu�uvexu��
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z�s�u�uvs¨�-f1ÔJÞO�Ok ��wn~��c~�w��CuL�¡icw}t¢exr�sCz«¥¡iOexrj~ve|f

q1, q2, . . . , qn ∈ Q fjiO{hoAgjoE�Cg-z�s�rqex��exrjl
x, y ∈

M �mgjoOexrheK~vf
qi
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fjictOfhexghf�sCzJexuvexw�ex�¡ghf�sCz«�n�I~���ex� fhexg1�OgjoOe}s�tmÖje|{xghfqw��1l�tZeKsCz���w�s�rhe�{|s�wnpcuve¸·��E�CgjicrheI�EfhiO{ho
��fJ�Ir��CpcoOf«s�r«pE�Crjgj~��Cu�u�lns�rhkcexrhe|k�f�exghff]�fhe|e�¯hgc��ñ�³;_¸�§ð7��{1��fhe�sCzZ�Ir��CpcoOf¨��km~çõ¦exrhex��g�{|s�w�tc~��E�Cghs�rj~��Cu
fhe1�Crh{hoµpcrhs�tcuvexw�f#{1�C��tZe�r��C~vfhe|k¦��`��Oe�w��|l�uvsXs�Õnz�s�r;�C��ic�cÕ¡�Os¨���£e|km��eq~������IË\[C�x�+�Ir��Cpcoµt¡l
��fjÕX~��c�O�Cz�s�r���fjictOfhexgJsCzZ��exrjgj~v{|e|f1����oOexgjoOexr«s��Oe�sCzZgjoOe�e|km��e�i�f«ex�OkmpZs�~��¡ghff]�s�rJt¢s�gjoj_9t¢exuvs��c��fJghs
gjoOe}fjictOf�exg1��ª w�s�rhe���ex�Oexr��CuLpcrhs�tcuvexw£�¢{|s��Ofj~vkcexrhe|kA~���gjoc~vf�pE�Cp¢exr1�E{|s��Ofj~vfjghf�sCz«kcexghexrjwn~��c~��c�
�C�µic�cÕ¡�Os¨�����Ir��Cpco£sCz§�K�I~���ex��{xu���fhf1�J©�exrhe��C���C~��9�cfjictOfhexghf#sCzL��exrjgj~v{|e|f-�Crhe�¥�iOexrj~ve|k¦�mtcicg#gjoOe
�C�Ofj��exr+rhexgjicrj�Oe|k%{hoE�Cr���{xghexrj~lk1e|f�fhs�w�e�pcrhs�pZexrjg7l�sCz�gjoOe]fhictc�Ir��Cpco&~��OkmiO{|e|k&t�l¶gjoOe�fjictOfhexg1�
´�~��E�Cu�u�l��OgjoOe�gjoc~�rhk�g7l¡p¢eKsCzJpcrhs�tcuvexw ~vf-ghs�{hoOe|{�Õ���oOexgjoOexr��C�£ic�cÕX�Os1���A�Ir��Cpco�t¢exuvs��c��f-ghs��
�I~���ex� {xu���f�f���~�gjoOs�icgK��{xgjiE�Cu�u�l kcexghexrjwn~��c~��c��gjoOe+�Ir��Cpco9���#oc~vf�pcrhs�tcuvexw£�ZÕ¡�Os¨���¶��fqî��j�åîc�x�¸Î�í
Î=�åá¸Î�ËÌ�¡�I�¢rhe|{|ex~���e|k¬w�iO{ho��Cgjghex�¡gj~vs���~��¶{|s��c�Oe|{xgj~vs��¶��~�gjo¶gjoOe+fhgjiOkml�sCz��4[CÍCáåË;[C�¸�Z�¸á�á�pcrhs�p¢exrjg=l]�fhe|e�¯hg�mC³;_¸� ª��Os�gjoOexr��Cpcpcrhs���{�oÓghs�pcrhs�pZexrjg7lêghe|fjgj~��c�O�#~�� gjoOe£zÌr��Cw�ex�;s�rjÕ°sCz�pcrhs�tE�Ctc~�u�~vfjgj~v{
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ð=g}~vfK{xuve1�CrKgjoE�Cg�z�s�r�gjoOe�f��Cw�e�s�tmÖje|{xg}kcs�w��C~�� M �Lkm~çõ¦exrhex��g+{xu���fhfhe|fKsCz�¥¡iOexrj~ve|f Q uve1��k
ghs�{|s�w}tc~��E�Cghs�rj~��CuQf�e1�Crh{ho�pcrhs�tcuvexw�f-sCz§km~çõ¢exrhex�¡g-g=lXpZe��C�Ok�km~çõ¦exrhex��g-{|s�wnpcuve¸·m~�g=l��#nq�Okcexr�gjoOe
Í�����Ë�Î�Ë;[C��Ê��1�¡�¸Ï ��gjoOe�kcs�w��C~�� sCz��C�Ofj��exrhf�~vf�gjoOe�rj~��c��sCz�~��¡ghex��exrhf

Z
�%�#oc~vfnw�sXkcexu�~vf��Cuvfhs

{1�Cu�uve|k âx�cÍ��EÎ�Ë�Î�ÍIÎ�Ë;[C�x�§��fKgjoOe�¥¡iOexrj~ve|f Q �Crhe�iOfjiE�Cu�u�l��CtZs�icg}f�s�w�e�¥�iE�C�¡gj~�g��Cgj~���e�pcrhs�p¢exrjg=l�sCz
gjoOe£s�tmÖje|{xg1�Óª!g=lXpc~v{1�Cu�e¸·O�Cwnpcuve£~vf�ghs¶~vkcex��gj~çz�lêgjoOe�fhictOfhexg�sCz�{|s�ic��ghexrØz�ex~�g�{|s�~��Of]iOfj~��c�&�
fjpcrj~��c��fh{1�Cuve�ic�OkcexrqgjoOe�Õ¡�Os¨��uve|km��e}sCz§gjoOeKkm~çõ¢exrhex�O{|eK~�����ex~��Io�g�tZexg7��e|ex�¬�n{|s�ic��ghexrØz�ex~�g��C�Ok
�CicgjoOex��gj~v{-{|s�~��o]Ì��oc~v{�o��Cu�uvs1�-f§ghs�kcexghexrjwn~��Oe�gjoOe;��icw�tZexr«sCz�{|s�ic�¡ghexrØz�ex~�g�{|s�~��Of§~�����fjictOfhexg§t¡l
��ex~��Ioc~��c��gjoc~vfqfjictOf�exg(_¸��d�e}��~�u�uL{|s�w�eKtE��{�Õ�ghsngjoc~vfqe¸·O�CwnpcuveK~��¶ÜXe|{xgj~vs��pgm��ÜXs�w�e���kckm~�gj~���e
w�s¡kcexuvfqsCz§{|s�w�tc~��E�Cghs�rj~��Cu�fhe1�Crh{�oA�CrheKfjgjiOkm~ve|k£~���¯�±�qc�¦±�mc�¦±�r�³=�

ð=�¶gjoc~vfKpE�CpZexrK�;en{|s��Ofj~vkcexrKgjoOenpcrhs�tcuvexw sCz�á1�jÍ��jÑ¸Ò�ËÌ�¡��ßx����Í����jÍåîEÒ¶�¡�Z���¸��ÎÌÒm��Í����IËÌÎ�Ë;[C�
Ê��1���¸Ï9kce¸ÞO�Oe|kµ��fJz�s�u�uvs1�-f1�J�#oOe�kcs�w��C~���sCzLs�tmÖje|{xghf1�¡kcex�Os�ghe|k Gn

~vf��}{xu���fhf�sCz9fj~�wnpcuveq�Ir��CpcoOf
��~�gjo

n
��exrjgj~v{|e|fKu��Ct¢exu�uve|k¶t�l �E�Cgjicr��Cu«��icw�tZexrhf

1, 2, . . . , n
�s]�ªT�Ir��Cpco�~vfKfh~�wnpcuve�~çz;~�gKkcsXe|f
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v1, v2 ∈ V

�C�Ok �¶w��Cgjrj~ç·
M
�#��eAkce¸ÞO�Oe ��{hoE�Cr���{xghexrj~vfjgj~v{Az�ic�O{xgj~vs��

χ(v1, v2,M)
Ô

χ(v1, v2,M) =

{

1
~çz

Mv1 = Mv2,
0
s�gjoOexrj��~vfheI�

´Os�r�����e|{xghs�r
v = (a1, . . . , an)

�Iuvexg
dom(v)

kcex�Os�ghe�gjoOe-f�exg {i|ai > 0} ��d oOex�Oex��exr M
~vf��Os�g

��f�expE�Cr��Cgj~��c��w��Cgjrj~ç·�z�s�r
V
�ZgjoOexrhe�e¸·X~vfjg���e|{xghs�rhf

v1 = (a1, . . . , an), v2 = (b1, . . . , bn) ∈ V��~�gjo
Mv1 = Mv2

��ÙAs�rhe|s¨��exr1�I��e;{1�C�n��fhfjicw�e�gjoE�Cg
v1, v2

��exrj~çz�l�g=�;s���kckm~�gj~vs��E�Cumpcrhs�p¢exrjgj~ve|f1Ô
±I�

dom(v1)∩dom(v2) = ∅ ��`�gjoOexrj��~vf�eI��{|s��Ofj~vkcexr (v′1, v
′
2)
�¨��oOexrhe

v′1 = (a′1, . . . , a′n), v′2 =
(b′1, . . . , b′n)

�
a′i = ai − min(ai, bi)

�
b′i = bi − min(ai, bi)

�#`�t¡�¡~vs�iOfju�l��
weight(A′) ≤

weight(A)
�
weight(B ′) ≤ weight(B)

�C�Ok
Mv′1 = Mv′2

��oOex�
Mv1 = Mv2

�
gm�

weight(v1) = weight(v2)
�J�#oc~vf�{1�C��tZe�~��Ofjicrhe|kµt¡l���kckm~��c�nghs

M
�C�£��kckm~�gj~vs��E�Cu9rhs¨�

��~�gjo¬�Cu�u�ex��gjrj~ve|f�e|¥�iE�CuQghs
1
�-�#oc~vf�rhs1�
��~�u�uL�Os�g�tZe}fjictmÖØe|{xg�ghs�gjoOe}r��C�Okcs�w {�oOs�~v{|e�sCz

w��Cgjrj~ç·�imex��gjrj~ve|f¨��`�t��X~vs�iOfju�l��O��kckm~��c�ns��Oeqrhs¨�ÓkcsXe|f;�Os�g#��õ¦e|{xg�gjoOe���fjlXwnpcghs�gj~v{qt¢s�ic�Ok¦�
ª pE�C~�r�sCz«��e|{xghs�rhf

v1, v2 ∈ V
f��Cgj~vfØz�lX~��c��gjoOe�g=��s�pcrhs�p¢exrjgj~ve|f��CtZs¨��e�~vf�f��C~vk�ghs�t¢e+�AÑx�¸ËÌÎ�Ë�ÑhÍ�Ï

pE�C~�r1�Jd�e�oE�1��e

Prob{M ~vf��Os�gqfhexpE�Cr��Cgj~��c��z�s�r
V} = Prob{

∨

(v1,v2)

(χ(v1, v2,M) = 1)}, ]ÄÆ�_

��oOexrheKkm~vf�ÖØic�O{xgj~vs��£~vf#z�s�rq�Cu�u¦pZsIf�fj~�tcuve�{xrj~�gj~v{1�CuLpE�C~�rhf
(v1, v2)

�§d�eKe|fjgj~�w��Cghe�gjoc~vf-pcrhs�tE�Ctc~�u�~�g=l
zÌrhs�w �Ct¢s1��eIÔ

Prob{
∨

(v1,v2)

(χ(v1, v2,M) = 1)} ≤
∑

(v1,v2)

Prob{χ(v1, v2,M) = 1}. ]ÈÇ�_
´crhs�w �Os¨� s��£�;e���fhfhicw�e�gjoOeKic�c~çz�s�rjw!km~vfjgjrj~�tcicgj~vs�� s1��exr

k × n
w��Cgjrj~v{|e|f

M
�;�#oOeK~vkce1�nsCz

s�tcg��C~��c~��c���C��icpcp¢exr;tZs�ic�Ok�~vf�ghs}ÞO�Ok]gjoOe�fjw��Cu�uve|fjg
k
��oc~v{�o�w��CÕ�e|f#gjoOe��Ct¢s1��e�fjicwMfjw��Cu�uvexr

gjoE�C�
1
�«�#oOe�ÞOrhfjgqfhghexp�~vf�ghs�s�tcg��C~��A�C��icpcp¢exr-t¢s�ic�Okµz�s�r

Prob{χ(v1, v2,M) = 1} �ÉÊ�ÌË�Ë a �ÎÍ#Ë\[C�x�¬Í�Ñx�¸ËÌÎ�Ë�ÑhÍ�ÏOîmÍ�ËÌ�
(v1, v2) �

Prob{χ(v1, v2,M) = 1} ≤
(

8

9 · |dom(v1)|

)k/4

·
(

8

9 · |dom(v2)|

)k/4 ]�ó�_
Ï ` �Â�bÐ7Ñ ­9exg

ξ1, . . . , ξn
tZe��nfhexgqsCzJ~��Okcexp¢ex�Okcex��g�r��C�Okcs�w!�I�Crj~��Ctcuve|f-��~�gjo

Prob{ξi = 0} =
Prob{ξi = 1} = 1/2

�¶�#oOe�ex��ex��g
Mv1 = Mv2

~vf+e|¥�ic~��I�Cuvex��g�ghs
k
~��Okcexp¢ex�Okcex��g�ex��ex�¡ghf

{|s�rjrhe|fjp¢s��Okm~��c��ghsngjoOeKe|¥¡iE�Cu�~�g=lµ~��£e1��{hoArhs1�K�«�#oOexrhe¸z�s�rheI�

Prob{Mv1 = Mv2} = Prob{< s, v1 >=< s, v2 >}k,
]�²�_

��oOexrhe
s = (ξ1, . . . , ξn)

�c�C�Ok
< s, vi >

~vf�gjoOe�fh{1�Cu��Cr�pcrhsXkmiO{xg�sCz
s
�C�Ok

vi
��Ü¡~��O{|e

dom(v1)∩
dom(v2) = ∅ �cgjoOex� < s, v1 >

�C�Ok
< s, v2 >

�Crhe�~��Okcexp¢ex�Okcex��g��C�Ok

Prob{< s, v1 >=< s, v2 >} =
∑

i

Prob{(< s, v1 >= i) ∧ (< s, v2 >= i)} =
]Ø±�m�_

=
∑

i

Prob{< s, v1 >= i} · Prob{< s, v2 >= i} ≤ ]Ø±I±�_

≤
√

∑

i

Prob{< s, v1 >= i}2 ·
√

∑

i

Prob{< s, v2 >= i}2
]Ø±�g�_

Ò



�#oOe«fjicw ∑
i Prob{< s, vj >= i}2 � j = 1, 2

��{1�C��tZe§t¢s�ic�Okce|k�z�rhs�w �CtZs¨��eJt�l
maxi Prob{<

s, vj >= i} �&ð=�Okce|e|k¦�«{|s��Ofh~vkcexrn�C�°�Crjtc~�gjr��Crjl%~���ghex��exrØ¤��I�Cu�iOe|kêr��C�Okcs�w �I�Crj~��Ctcuve
ξ
�C�Ok%uvexg

pmax(ξ) = maxi∈Z Prob{ξ = i} ���#oOex� ∑i Prob{ξ = i}2 ≤ ∑

i pmax(ξ)Prob{ξ = i} =
pmax(ξ)

∑

i Prob{ξ = i} = pmax(ξ)
�«�#oOexrhe¸z�s�rheI�O�;e�rhex��rj~�gheÓ]Ø±�g�_���f

Prob{< s, v1 >=< s, v2 >} ≤
√

pmax(< s, v1 >) ·
√

pmax(< s, v2 >)
]Ø±1ñ�_

d�e��Os1�>�Oe|e|k�gjoOe�z�s�u�uvs¨��~��c��ghe|{�oc�c~v{1�CuLpcrhs�p¢sIfj~�gj~vs��9�
Ï ` �bÔÊ� ^ � _ �\�Õ�Ö�×¿Q�xÎ

t
�h��Í���Í�Î��¡�jÍ�ÏX�O�¡Ê��h�x� � a1, . . . , at > 0 � Í���� ξ1, . . . , ξt

�h�#Ëë���¡�=îc�¸���¡�¸�EÎ
�ØÍI������ÊØ[CÍ��åË�Í��¸Ïv�åá}äJË�ÎÌÒ

Prob{ξi = 0} = Prob{ξi = 1} = 1/2 �ÙÁ Òm�¸�Ú � 2−t
( t
bt/2c

)

≤
√

8
9t � ßx���}ÍIÏëÏ t ≥ 1 �

Û � pmax(ξ1 + · · · + ξt) = 2−t
( t
bt/2c

) �Ü � pmax(a1ξ1 + · · · + atξt) ≤ pmax(ξ1 + · · · + ξt) �Ý � pmax(a1ξ1 + · · · + atξt) = pmax(ξ1 + · · · + ξt)
Ë �

a1 = a2 = · · · = at �Ï ` �Â�bÐ7Ñ
±I��´Os�r�tc~��

t
gjoOe]~��Oe|¥�iE�Cu�~�g7l&e1��fj~�u�l¬z�s�u�uvs1�-f+z�rhs�w)Ü¡gj~�rju�~��c�Az�s�rjw}icu��m�¬�#oOe�{|s��Ofjg��C��gn�#��f

{hoOsIfhex�Aghsnf��Cgj~vfØz�l]gjoOe�~��Oe|¥¡iE�Cu�~�g=lµz�s�r}Í�ÏÌÏ
t ≥ 1

�
gm���#oc~vfK~vfKs�t¡�¡~vs�iOf�fj~��O{|e

Prob{ξ1 + · · · + ξt = i} = 2−t
(

t
i

) �C�Ok ( t
bt/2c

)

≥
(

t
i

) �¢z�s�r��Cu�u
i = 0, 1, . . . , t

�
ñm��­9exg

Pmax = pmax(a1ξ1 + · · · + atξt)
�µ�#oOexrhe�~vf+�µ�I�Cu�iOe

s
fjiO{ho&gjoE�Cg

Prob{a1ξ1 +
· · · + atξt = s} = P max �¶Û;s��Ofj~vkcexr�gjoOe�z��Cwn~�u�l F = {A|∑i∈A ai = s} �¶Û�uve1�Crju�l��
card(F) · 2−t = Pmax ��Ü¡~��O{|e ai > 0

� F ~vf-��Ü¡p¢exrj�Oexr#z��Cwn~�u�lµsCz�f�exghf1�XgjoE�Cg�~vf#gjoOexrhe�~vf
�Osng=�;s�fhexghf

A,B
fhiO{ho£gjoE�Cg

A ⊂ B
��c;l�Ü¡p¢exrj�Oexr�i�f�gjoOe|s�rhexw ¯hÆ�³=�

card(F) ≤
( t
bt/2c

) �
rO��ªq�Os�gjoOexrK{|s��Ofhe|¥¡iOex�O{|ensCz#Ü¡p¢exrj�Oexr�i�f�gjoOe|s�rhexw,~vf�gjoE�Cg

card(F) =
( t
bt/2c

) ~çõ F ~vf�gjoOe
z��Cwn~�u�l�sCz��Cu�u#fjictOfhexghf+sCz�e|¥¡iE�Cu;fh~lk1e bt/2c s�r b(t + 1)/2c ��ð7g}z�s�u�uvs1�-f+gjoE�Cg+gjoOe]fhicwsCz bt/2c wn~��c~�w��CuLexuvexw�ex�¡ghfq�Cw�s��c� a1, . . . , at

~vf�e|¥¡iE�CuZghs�gjoOe�fjicwãsCz bt/2c w���·X~�w��Cuexuvexw�ex��ghf1��fhs�gjoOexl£�CrheK�Cu�uLe|¥�iE�Cu��
2d�e�rhexgjicrj�£ghs�gjoOe�pcrhsXsCzJsCz§­9exwnw���±I�«�Ls�tZs�ic�Ok

pmax(< s, vj >)
�
j = 1, 2

�O��e��Cpcpcu�l�gjoOe
×Jrhs�p¢sIfj~�gj~vs��A�Ct¢s1��e���~�gjo

t = dom(vj)
�«d�e�gjoOex�£oE�|��e

pmax(< s, vj >) ≤ 2−t

(

t

bt/2c

)

≤
(

8

9 · |dom(vj)|

)1/2

c;lÞ]�²�_¸�>]Ø±1ñ�_¸�mgjoOe}­9exwnw���z�s�u�uvs1�-f1�
2

d�e��Os1�>rhex��rj~�gheKgjoOe�rj~��Io�gØ¤�oE�C�Ok fj~vkce�sCz·]ÈÇ�_���f
∑

(v1,v2)

Prob{χ(v1, v2,M) = 1} =
1

2

d
∑

w=1

∑

v1,v2,
|weight(v1)|=w,
|weight(v2)|=w,

dom(v1)∩dom(v2)=∅

Prob{χ(v1, v2,M) = 1} ]Ø±�r9_

ß



n�fh~��c��­9exwnw���±I�c�;e�t¢s�ic�OkµgjoOe�~��c�OexrqfjicwMz�s�rqfhs�w�e�Þc·ce|k
w
�

∑

v1,v2,
|weight(v1)|=|weight(v2)|=w,

dom(v1)∩dom(v2)=∅

Prob{χ(v1, v2,M) = 1} ≤ ]Ø±�q�_

∑

v1,v2,
dom(v1)∩dom(v2)=∅

(

8

9 · |dom(v1)|

)k/4

·
(

8

9 · |dom(v2)|

)k/4

≤ ]Ø±�Æ�_









∑

v1,
weight(v1)=w

(

8

9 · |dom(v1)|

)k/4









2

=













w
∑

s=1

∑

v1,
weight(v1)=w,
|dom(v1)|=s

(

8

9s

)k/4













2

=
]Ø±�Ç�_

(

w
∑

s=1

(

n

s

)(

w − 1

s − 1

)(

8

9s

)k/4
)2 ]Ø±1ó�_

]Ø±�Ç�_qoE��f�t¢e|ex�¬s�tcg��C~��Oe|kAt¡lAkmrhs�pcpc~��c�µgjoOe�{|s��Okm~�gj~vs��
dom(v1) ∩ dom(v2) = ∅ ���Qsµs�tcg��C~��]Ø±1ó�_¸����e�iOfhe|k�gjoOeJz���{xgQgjoE�Cg�gjoOexrhe;�Crhe (n

s

)(w−1
s−1

) ��e|{xghs�rhf
v1
sCzO��ex~��Io¡g

w
��~�gjo |dom(v1)| = s

�
��oc~v{ho�z�s�u�uvs¨�-f#zÌrhs�w!fj~�wnpcuveK{|s�w}tc~��E�Cghs�rj~��Cu§{|s��Ofj~vkcexr��Cgj~vs��Of1�

d�en�Crhe��Os¨� uve¸zÌg���~�gjo¬gjoOe+ghe|{hoc�c~v{1�CuJpcrhs�tcuvexw sCz«ÞO�Okm~��c�£�]pZsIf�fj~�tcu�l�wn~��c~�w��Cu
k
��oc~v{�o

w��CÕ�e|f~]Ø±1ó�_�fjw��Cu�uvexr�gjoE�C� 2
d

���#oc~vf���~�u�u§w��CÕ�eo]Ø±�r9_�fjw��Cu�uvexr�gjoE�C�°±n�C�Ok���{hoc~vex��e�s�icr���s��Cu��
´�~��Okm~��c��fjiO{�o

k
rhe|¥¡ic~�rhe|f�fhs�w�e}{1�Cuv{xicu��Cgj~vs��Of�gjoE�Cg��Crhe}uve¸zÌgqz�s�r�ªqpcp¢ex�Okm~ç·AÛ��E�#oOe}z�s�u�uvs¨��~��c�

pcrhs�pZsIfh~�gj~vs��£�I~���e|f�gjoOe�ÞO�E�Cu9rhe|fhicu�g1�
Ï ` �bÔÊ� ^ � _ �\�Õ�X� Á Òm�x�j���jï�Ëëá¸Î#Í��åá|��Ï �XÎ=��Ñh�I�cá¸Î�Í���ÎÌá C1, C2, C3

áå�cÑ¸Ò�ÎÌÒXÍIÎEßx���}ÍIÏëÏ
1 ≤ w ≤ d �

w
∑

s=1

(

n

s

)(

w − 1

s − 1

)(

8

9s

)k/4

<

√

2

d

î��j�A[1Ë����j�µÎÌÒXÍIÎ

k(n, d) ≤
4min(n, d) log

(

C1 · max(n,d)
min(n,d)

)

log min(n, d) + C2
+ C3 log d.

]Ø±1²�_
×Jicgjgj~��c���Cu�uLghs���exgjoOexr1�c��e�fjg��Cghe�gjoOe�w��C~��£rhe|fjicu�g-sCz§gjoc~vfqf�e|{xgj~vs��9�

àwá ��� ` �ÌËâ� Á Òm�¸�h���jï�Ëëá¸ÎJÍ��¸áx��Ï �XÎ=�KÑh���cáxÎ�Í��EÎÌá C1, C2, C3
áå�cÑ¸Ò�ÎÌÒXÍIÎXß|����Í�ÏÌÏ

n, d
ÎÌÒm�¸�h�K�jï�Ëëá¸ÎÌá

Í
k × n

á|�=îmÍI�ØÍIÎ�ËÌ�¡�µÊ�ÍIÎ��¸Ë�ï�ßx���+ÎÌÒm�}á|�|Î#�jß
d | �j���X�����j��ä��¸Ë��CÒ¡Î�[C�jÑ|Î��I��á�äJËÌÎÌÒ k(n, d)

�j���X�����h�
ÍCá�Ëë��é Ú�ã ì �äqexu��Cgj~��c�e]Ø±1²�_#ghsnuvs1�;exrqt¢s�ic�Ok�]Äq�_¸�m��eK{|s��O{xu�iOkce}gjoE�Cg-icpcp¢exr-tZs�ic�Ok�]Ø±1²�_#~vf���~�gjoc~���gjoOe
z���{xghs�r�sCz

4(1 + ε)
zÌrhs�w gjoOe�~��mz�s�rjw��Cgj~vs��m¤�gjoOe|s�rhexgj~v{nuvs¨��exr�t¢s�ic�Ok�pcrhs¨�¡~vkce|k gjoE�Cg

d < n1+εz�s�rq�C�¡l
ε > 0

�
d�e�{|s��O{xu�iOkce�gjoc~vf�fhe|{xgj~vs��¬��~�gjo¬g=�;sµfjpZe|{x~��Cu§{1��fhe|f�sCz��#oOe|s�rhexw ±+gjoE�Cg���~�u�u§t¢e}iOf�e|k�~��

gjoOe�fhe|¥¡iOexu��«�#oOe�ÞOrhfjg-s��Oe�{|s�rjrhe|fjp¢s��Okcf-ghs�gjoOe}{1��fhe���oOex�
d
~vf-��{|s��Ofjg��C��g1�E�C�Ok£gjoOe�fhe|{|s��Ok

s��Oe�ghs�gjoOeK{1��fhe
d = d0n

z�s�r-fhs�w�eK{|s��Ofjg��C�¡g
d0 > 1

�
å � ` �jæ2æ ac`�ç �×èL����Í+Ñh���cáxÎ�Í��EÎ

d � ÎÌÒm�¸�h���jï�Ëëá¸ÎÌá�Í}á1�=îmÍ��jÍIÎ�ËÌ�¡�+Ê�ÍIÎ��åË�ï�ßx���-ÎÌÒc��á1�xÎ§�Øß d | �j���X�����j�ä��¸Ë��CÒ¡Î#[C�jÑ|Î����åá+�Øß}�IËëÊ��¸�cá¸Ë��I�
n
äJË�ÎÌÒ�Í�áåí�Ê�îZÎ��IÎ�Ë�ÑhÍ�ÏÌÏ í

4 d
log d log n

�j��ä§á �
é



å � ` �jæ2æ ac`�ç �ê��á�áå�XÊ���ÎÌÒXÍIÎ
d = d0n

ßx���#á|��Ê��qÑ����cá¸Î�ÍI�EÎ
d0 > 1 �aÁ Òm�¸�µÎÌÒm�¸�h���hï�Ë�áxÎÌá�Í�á1�=îmÍ |�ØÍ�Î�Ëë�¡��Ê�ÍIÎ��¸Ëçï�ß|���-ÎÌÒm�-á|�xÎ§�Øß

d | �j���X�����j�nä��¸Ëç��Ò¡Î>[��jÑ|Î����åá��Øßq��ËÌÊ��¸�cá¸Ë���� n
äJË�ÎÌÒnÍ�áåí�Ê�îZÎ��IÎ�Ë�ÑhÍ�ÏÌÏ í

4 log d0
n

log n

�j��ä§á �
����� ëÖ z¤j¦�ìí¡fî

d ï ���� ^¡£¢�¡¥¤j¦7§a¨ª©«¡¥¤b¢�¦7¬­��®
©�exrhe«��e«{|s��O{|ex�¡gjr��Cghe;s��+�C�K~�wnpZs�rjg��C�¡gQfjict¢{xu���fhf9sCzOfhexpE�Cr��Cgj~��c��w��Cgjrj~v{|e|f9z�s�r¦t¢s�ic�Okce|kK��ex~��Io¡g
��e|{xghs�rhf1�
�������%� _ �;�j�{���ñðêè9�I��ÍnÑh���cáxÎ�Í��EÎ

d ∈ N � Í d
¤=fhexpE�Cr��Cgj~��c�+w��Cgjrj~ç·AËëáqÍ�á|�=îcÍ��ØÍ�Î�Ëë�¡�+Ê�ÍIÎ��¸Ë�ï�ß|���

ÎÌÒm�Ká|�xÎ;�Øß
(0, 1) | [C�jÑ|Î��I��á�Ñh����Î�Í�Ëë�EËë�¡��ÍIÎ�Ên��á¸Î d

�x�EÎ��åË��åá+�jâ|�mÍ�Ï�Î�� Ú �
Ú«¥¡ic~����Cuvex�¡gju�l��9z�s�r��
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¯ò²�³�×��Cicu�ÚJrhkc®If��C�OkN<�s¡exuQÜ¡p¢ex�O{|exr1�09;�j���jÍ��xËëÏ Ë�áxÎ�Ë�ÑO;¶�xÎÌÒX�1�CáKËÌ� É ��Ê��¸Ëë�ZÍIÎ����¸Ë�Ñ¸áx��±1²�Ç�rO�
¯�±�m�³�­«��æ��Crj���C�Osc�Eô+�cÙ s���gjiOs�rj~��¢æ���ÜXexg��Crhsc���C�Ok n��mô���{|{1�Crhsc��ªq�£~�wnpcrhs¨��e|kA�Cu���s�rj~�gjocw z�s�r

¥�iE�C�¡gj~�gj~���eK�Irhs�icp£ghe|fjgj~��c�O� � ËëáxÑx�h�xÎ=���;î�î�Ï Ë��j��; Í�ÎÌÒm�¸Ê�ÍIÎ�Ë�Ñ¸á¸�Eñ�ÆmÔhgI²I²�yXñ�m�Æm�Q±1²I²�gm�¯�±I±¸³�`�kce|k�æ�s�uvkmrhex~v{�o9��Ü¡oE��Þnæ�s�uvkm�#��fhfhexr1�I�C�OkP���C�E�fäqs��9��×Jrhs�p¢exrjg=l�ghe|fhgj~��c���C�Ok}~�ghfL{|s��c�Oe|{¸¤
gj~vs���ghsKuve1�Crj�c~��c�n�C�Ok]�Cpcpcrhs1·X~�w��Cgj~vs��9�Lð=�:9#�Ø�1Ñå�h�j��ËÌ�¡�Cá}�Øß�ÎÌÒm� ÜRQ ÎÌÒa���O�E�mÍ�ÏEÐEí�Ê�îm�CáåËÌ�XÊ
����èL���X����ÍIÎ�Ë����cá}�Øß É ��Ê�î��mÎ=�¸��Ð¢ÑxË��x��Ñ��x�EpE�C��e|fqñIñI²�yXñ"r�óm�L±1²I²�Æm�

¯�±�g�³�`�kce|k%æ�s�uvkmrhex~v{�o��C�Ok4���C�E� äqs��9��×«rhs�pZexrjg7l¶ghe|fjgj~��c��~���t¢s�ic�Okce|k�kcex�Irhe|e��Ir��CpcoOf1��ð=�
Á Òm� Û�ã ÎÌÒa���O�O�cÍ�Ï9� É ; ÐEí�Ê�îm�Cá¸Ëë�XÊT��� Á Òm�j�I�åí��Øß É ��Ê�î��mÎ�Ëë�X�I�E±1²I²�ÇX��ghs}�Cpcp¢e1�Cr1��´cicu�u��exrhfj~vs��A�|�I�C~�u��Ctcuve��Cg�SUT�TUV0W&XUXYTUS[Z�\�]�^8_&`[a�bc_edgfhT8_&ZEiEj[X[kli[mYn[m�][X�V[mYV�ZY]obc_pSUT�do`c�

¯�±1ñ�³nô�u���km~�wn~�r�æ�rhextc~��OfhÕ¡~O�C�Ok�æ�rhex��s�rjlO5�iO{�oOexrhs1�¢�j`�pcgj~�w��CuO¥¡iOexrjlKtZs�ic�Okcf�z�s�r§rhe|{|s��OfjgjrjiO{xgØ¤
~��c�n��oE�Cwn~�u�ghs��c~��C�£{xlm{xuve�~���{|s�wnpcuvexghe��Ir��CpcoOf1��ð7�>9;�j�1Ñ����j��ËÌ�¡�Cá+�Øß�ÎÌÒm�PqIÎÌÒr7�á¸�ØÍ¡�¸Ï Ë�ÐEí�Ê |îm�CáåËÌ�XÊ ��� Á Òm�j���¸í��jß É ��Ê�î��XÎ�ËÌ�¡��Í�����ÐEíCá¸Î=�¸Ê+áx�mpE�C��e|fK±�Æ�Æ�y�±�Ç�ñm�EðþÚ«Ú«Ú ×Jrhe|fhf1�¦±1²I²�ÇX�¯�±�r�³�´crhe|k�©+�¨©���sc���#oOe;s�pcgj~�w��Cu¡pcrhsX{|e|kmicrhe|fQz�s�rQ¥�iE�C�¡gj~�gj~���e��Irhs�icp+ghe|fjgj~��c�O� � ËëáxÑx�h�xÎ=�#��î�î�Ï Ë��j�; ÍIÎÌÒm�¸Ê�ÍIÎ�Ë�Ñ¸áx�bg�ÆmÔtÇ�²�yXó�Æm�L±1²I²�mm�

¯�±�q�³nô+�s5qs�ict¢exÕA�C�Okt<E�bä���ÖØu�~v{ho9��Û;s�w}tc~��E�Cghs�rj~v{|f�sCz�fhexpE�Cr��Cgj~vs�� t�l�tc~��E�Crjl�w��Cgjrj~v{|e|f1� � Ë�á |Ñx�j�|Î=�P; ÍIÎÌÒm�¸Ê�ÍIÎ�Ë�Ñ¸áx�bq�ÇXÔhg�mIñ�yÌg�mIóm�L±1²Ió�qm�
¯�±�Æ�³~c;exrj�¡g}­¦~��Okcfjgjrh®�w£�~`����µ{|s�w�tc~��E�Cghs�rj~��Cu�pcrhs�tcuvexw ~��¶�¡icw}t¢exrKgjoOe|s�rjl�� É Í���Í�� � ; ÍIÎÌÒ �u��XÏëÏ � �EómÔ r9Ç�Ç�y�r�²�mm�L±1²�Æ�qm�¯�±�Ç¨³~c;exrj�¡g�­¦~��Okcfhgjrh®�w£��`���Ù ®�tc~�iOf�zÌic�O{xgj~vs��Of+�C�Ok���pcrhs�tcuvexw�~���{|s�w�tc~��E�Cghs�rj~��Cu��¡icw}t¢exr

gjoOe|s�rjl�� É Í���Í�� � ; ÍIÎÌÒ � u-�¡ÏÌÏ � �9±�rb];r9_¸Ôhqm±1ñ�yÌqm±�Æm�Q±1²�ÇX±I�¯�±1ó�³~c;exrj�¡g�­¦~��Okcfhgjrh®�w£�#`�� c
2
¤=fhe|¥�iOex�O{|e|f�sCz���e|{xghs�rhf¨�wv¡���X�¸��Í�ÏQ�Øßyx��¡Ê��h�x� Á Òm�j���¸íI�ErOÔhg�Æm±(yg�Æ�qm�9±1²�ÇAgm�

¯�±1²�³~c;exrj�¡g�­¦~��Okcfjgjrh®�w£�c��exghexrjwn~��c~��c�nfjictOf�exghf�t¡l�ic�cr��Cwn~çÞEe|k�e¸·Xp¢exrj~�w�ex��ghf¨�Lð7�A<O� W+�mÜ¡rj~��I��fØ¤
g��|�I�m�«e|km~�ghs�r1�#�!ÐE�X�4[C�¸í��Øß�ÐZÎ�ÍIÎ�Ë�áxÎ�Ë�Ñ�Í�Ï � �åáåË����cá�Í����o¿JËë�Z�hÍ��@; �¨���¸Ï á¸�§pE�C��e|f^r�m�Ç�y�rO±1óm�W�s�rjgjo�©�s�u�u��C�Ok¦�Oª�w�fjghexrhkO�Cw£�9±1²�ÇAqm�

¯hg�m�³~ä}��­«�Eäq~���e|fjgq�C�OkN<O�môJic~�u�uvexwn~��9�#`���rhe|{|s��OfjgjrjiO{xgj~��c���Ir��Cpco£pcrhs�p¢exrjgj~ve|f#z�rhs�w ��kCÖj��{|ex�O{xl
w��Cgjrj~v{|e|f1� Á Òm�j�I�j�xÎ�Ë�ÑhÍ�Ï É ��Ê�î��mÎ=�¸��ÐZÑ|Ë��¸�ZÑ��x�EñmÔòñ�ÇX±(yXñIó"rO�Q±1²�ÇAÆm�

z ���êÅK»�¿¶ÂL{ z
ð=� gjoc~vf]fhe|{xgj~vs�� ��eA�I~���e£w��C~�� ~vkce1��f]sCz��C�Óe¸·Xpcu�~v{x~�g�{|s��OfjgjrjiO{xgj~vs��ÓsCz

d
¤=kcexghe|{xgj~��c�&w��Cgjrj~ç·

pcrhe|fhex��ghe|k�~�����fhexrj~ve|fqsCz§��s�rjÕmf-sCz�c��c­¦~��Okcfjgjrh®�w£�Ee|fhpZe|{x~��Cu�u�lµ~���¯�±�Ç�³=�
Û;s��Ofj~vkcexr+gjoOe�{|s�u�icwn�Of+sCz-�

d
¤=kcexghe|{xgj~��c� w��Cgjrj~ç·&��f��£f�exg}sCz���e|{xghs�rhf1���#oOex~�r}pcrhs�p¢exrjg=l

{1�C�£t¢e�rhexpcocr���fhe|k���f#z�s�u�uvs1�-f1�
�������%� _ �;�j�|���2���Ýá|�xÎ;�Øß

(0, 1)
[C�jÑ|Î����åá

~v1, ~v2, . . . , ~vn
Ë�á�áxÍIË���Î��]�h�

d
¤=kcexghe|{xgj~��c�¬Ë � Í�ÏÌÏ¦ÎÌÒm�

áå�XÊ+á ∑n
i=1 εi~vi

é
εi = 0, 1, . . . , d − 1

ì]Í��h���IË ���¸�h�¸�EÎ � 2
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æ�~���ex�
n
�C�Ok

d
�O��e}�Crhe�~��¡ghexrhe|fjghe|k�~��A��f�exg-sCz

d
¤=kcexghe|{xgj~��c����e|{xghs�rhfqsCz#Ê�Ëë�EËëÊ�Í�ÏLkm~�w�ex�Ofh~vs��9�c#exuvs1� ��e+s�icgju�~��Oe+gjoOe+��fjlXwnpcghs�gj~v{1�Cu�u�l�s�pcgj~�w��CuJ{|s��OfjgjrjiO{xgj~vs��¬�I~���ex�¬t�l�­9~��Ofhkmgjrh®�w ~��&¯�±�Ç�³=�

�#oOe�pcrhsXsCz�f�{1�C�£t¢e�z�s�ic�Ok�~���gjoOeKs�rj~��I~��E�Cu9pE�Cp¢exr1�
�Lsq~���gjrhsXkmiO{|eJgjoOe«­¦~��Okcfjgjrh®�woi�f�{|s��OfjgjrjiO{xgj~vs�����eJrhe|{1�Cu�u�gjoOe�kce¸ÞO�c~�gj~vs���sCzcÙA®�tc~�iOf¢z�ic�O{xgj~vs��

z�s�r�pE�Crjgj~��Cu�u�l�s�rhkcexrhe|kAfhexghf1�
�������%� _ �;�j�|���¾� ô~}�� \ ��� ^ Ð&�%� bI_ �;�j�Êø�¿L�xÎ

(P,≤)
���]Í��«�OË�Î=��îmÍ��xÎ�Ë�Í�ÏëÏ í£���j���¸�h�j��á|�xÎ ��Á Òm�;�D��¸ËÌ�¡á«ßå�X��Ñ|Î�Ë����

µ(x, y)
�jß

P
Ëëá}���;�«�Z�h�qß|���

x, y ∈ P
ÍCáJßx��ÏÌÏ���ä§á �Ú � µ(x, x) = 1Û � Ë ß x 
 y

ÎÌÒc�¸�
µ(x, y) = 0Ü � Ë ß x < y

ÎÌÒc�¸�
µ(x, y) = −∑x<z≤y µ(z, y)

´Os�r�e¸·c�CwnpcuveI�Z~�g�~vf�Õ¡�Os¨��� gjoE�Cg�~çz
P
~vf�gjoOeac#sXs�uve1�C�¬�Cu���extcr��µsCz��Cu�uJfjictOf�exghf�sCz;��ÞO�c~�ghe�fhexg

gjoOex�
µ(x, y) = (−1)|y\x|

~çz
x ⊂ y

d�e���~�u�u¦iOfhe�gjoc~vf-z���{xg�u��Cghexr1�«­9~��Okcfjgjrh®�w pcrhs¨��e|k£gjoOe�z�s�u�uvs1��~��c��rhe|fhicu�ghf1Ô
àwá ��� ` �ÌË)�Xô��;�R*���ø¶­Lexg

P
t¢e��£ÞO�c~�ghe�pE�Crjgj~��Cu�u�l&s�rhkcexrhe|k�fhexg+��~�gjo

0
�C�Okê�£ic�c~v¥¡iOe�u���fjg

exuvexw�ex��g
1
��­Lexg

µ(x, y)
tZe�gjoOe�ÙA®�tc~�iOf«zÌic�O{xgj~vs���sCz

P
�JÜXexg

m =
∑

x∈P |µ(x, 1)| � m
~vfJgjoOex�

�C��ex��ex��~���ghex��exr1��­9exg
n
tZe��C�µ�Crjtc~�gjr��Crjl]~���ghex��exr#~��]gjoOe�~���ghexrj�I�Cu

0 ≤ n ≤ m/2
�J�#oOex�]gjoOexrhe

e¸·X~vfhghfq��zÌic�O{xgj~vs��
f(x) ∈ {0, 1} s�� P

fjiO{ho�gjoE�Cg
∑

0<x≤1

f(x)µ(x, 1) = −n · sign(µ(0, 1)),

��oOexrhe
sign(a) = 1

~çz
a ≥ 0

�C�Ok
sign(a) = −1

~çz
a < 0

�
àwá ��� ` �ÌË)�Xô��;��(R��ø¶­Lexg

P
t¢e���ÞO�c~�ghe�fhexwn~�u��Cgjgj~v{|e���~�gjoêÙA®�tc~�iOfnzÌic�O{xgj~vs��

µ(x, y)
��­9exg

a, b ∈ P
�C�Ok

b 
 a
�«­9exg

f(x)
t¢e�kce¸ÞO�Oe|kµz�s�rq�Cu�u

x ≤ a ∧ b
��~�gjo����Cu�iOe|f�~�����{|s�wnw�icg��Cgj~���e

rj~��c����~�gjo£ic�c~�g1�«�#oOex����e�oE�1��e
∑

x≤b

f(x ∧ a)µ(x, b) = 0
]Ägm±�_

c#e¸z�s�rhe}��eK�I~���e}gjoOe}{|s��OfjgjrjiO{xgj~vs��¬sCz��
d
¤=kcexghe|{xgj~��c����e|{xghs�r�f�exg1�O��e}~���gjrhsXkmiO{|e}gjoOe����xÎ=�jÑ1Î�Ëë�¡�

ÑhÍåîmÍ�ÑxËÌÎ�í
hk(x)

�
�������%� _ �;�j�|���ñð Á Òm��kcexghe|{xgj~��c�°{1�CpE��{x~�g=l hk(x)

Ë�áAÎÌÒc�AÊnÍ¨ï�ËëÊ��XÊ �E�¡Ê��h�¸�
h
ß|���Aä§Ò�Ë�ÑxÒ

ÎÌÒm�¸�h���jïIË�áxÎ�Ëë�EÎ=�����¸�åá
di
é
i = 1 . . . h

ì � 1 ≤ di ≤ x � áå�cÑ¸Ò ÎÌÒXÍIÎ�ÍIÏëÏ�ÎÌÒm�Aáå�XÊ+á ∑h
i=1 εidié

εi = 0 . . . k − 1
ì]Í��h�+��Ëëá¸Î�ËÌ��Ñ|Î �

d�eK{1�Cu�uL����e|{xghs�r
(d1, . . . dh)T

s��£��oc~v{ho£gjoOeKw���·X~�w�icw ~vf�rhe1��{�oOe|kA�����xÎ=�hÑ|Î�Ëë�X�-[C�jÑ|Î����x�
�#oOenz�s�u�uvs1��~��c�AgjoOe|s�rhexw�~vfKgjoOe�Õ�exl�¤=fjghs��Oe�sCz#gjoOe�{|s��OfjgjrjiO{xgj~vs��&sCz-s�pcgj~�w��Cu

d
¤=kcexghe|{xgj~��c�

��e|{xghs�rqfhexg1�
àwá ��� ` �ÌËâ���µô��\�o*U��ø}¿L�xÎ

(P,∧)
�h�]Í��«�OË�Î=�+á1�¸Ê�ËëÏ�ÍIÎ�Î�Ë�Ñ���äJË�ÎÌÒ

m + 1
�¸Ïv�¸Ê��¸�EÎÌá ��� �;���Z��ÍîmÍ��xÎ�Ë�ÍIÏ§���j���¸�����

P
áå�cÑ¸Ò ÎÌÒXÍ�Î

a ≤ b
Ë �

a = a ∧ b � ¿L�xÎ θ
���nÎÌÒm�nÏ��jÍ�á¸Î��¸Ïv�¸Ê��¸�EÎ#ËÌ�

(P,≤) �9;�mÎ
my =

∑

x≤y |µ(x, y)| �zÁ Òm�¸�nÎÌÒm�¸�h�-�jïIË�áxÎÌá;Í d | ���|Î=�jÑ|Î�ËÌ�¡��á|�|Î¢Ñ����EÎ�Í�ËÌ�OËÌ�¡� ∑y>θ hd(my/2)[C�jÑ|Î��I��á+�jß}��ËëÊ��¸�OáåË����
m � 2

V é



�#oOeK{|s��OfjgjrjiO{xgj~vs�� sCz�gjoOe
d
¤=kcexghe|{xgj~��c����e|{xghs�rqfhexg�oE��fqgjoOe�z�s�u�uvs¨��~��c�]fjg��C��e|f}¯�±�Ç�³=Ô

±I�Kæ�~���ex����fhexwn~�u��Cgjgj~v{|e
P = (x1, x2, . . . , xm)

��~�gjo
m
exuvexw�ex��ghf��;e�{|s��Ofj~vkcexr�~�ghf�w�icu�gj~ç¤

pcu�~v{1�Cgj~vs���g��CtcuveI�E�C�
m × m

w��Cgjrj~ç·
(ai,j)

�c��oOexrhe
ai,j = xi ∧ xj

�
gm�KÛ;s��Ofhe|{xicgj~���exu�lÓ{|s��Ofh~vkcexr£e1��{ho {|s�u�icwn� sCz}gjoOe¶�CtZs¨��e¬w��Cgjrj~ç·¢�&äqexpcu���{|e¬e1��{ho ex��gjrjl
sCzqgjoc~vf�{|s�u�icwn��t¡l��£rhs¨�#¤���e|{xghs�r�sCz�km~�w�ex�Ofj~vs��

hd(mxi
/2)
�eW�s�ghe�gjoE�Cg+gjoOe�{|s�u�icwn�

w��CrjÕ�e|k���~�gjo
xi
{|s���g��C~��Of��Cu�u

xj ≤ xi
��c;lµgjoOe|s�rhexw,óm�Oz�s�r��Cu�u

k ≤ mxi
/2
��gjoOexrhe�~vf��

zÌic�O{xgj~vs��
fk(x) : P → {0, 1} fjiO{hongjoE�Cg ∑θ<x≤xi

fk(x)µ(x, xi) = −k ·sign(µ(θ, xi))
�

ñm��´Os�r%e1��{�oè{|s�u�icwn�
xi
��ÞO�Ok

hd(mxi
/2)

�C�OkM� {|s�rjrhe|fjp¢s��Okm~��c�
d
¤=kcexghe|{xgj~��c� ��e|{xghs�r

(d1, d2, . . . , dh)
�§�#oOex��rhexpcu���{|eqgjoOe-ex��gjrjl��Cg�e1��{�o�rhs1�

xj
t�l�gjoOe�rhs1�#¤���e|{xghs�r

(fd1(xi∧
xj), fd2(xi ∧ xj), . . . , fdh

(xi ∧ xj))
�

�Lsnpcrhs¨��eKgjoE�Cg�gjoOeK{|s�u�icwn�Of�sCz�gjoOe}s�tcg��C~��Oe|k�w��Cgjrj~ç·µz�s�rjw!�
d
¤=kcexghe|{xgj~��c�]fhexgq��fhfhicw�e�gjoE�Cg

∑

1≤i≤m,1≤j≤hd(mxi
/2)

ei,j~vi,j = ~0,
��oOexrhe

ei,j = −k, . . . , 0, . . . , k,
]Äg�g�_

d�eqpcrhs¨��eÙ]ëz�s�u�uvs¨��~��c�£¯�±�Ç�³;_JgjoE�Cg��Cu�u
ei,j = 0

�Jð=z9~�g�~vf;�Os�g;gjrjiOeI�mgjoOex�]gjoOexrhe�e¸·m~vfjghf#�Kw���·m~�w��Cu
xi
~��

(P,≤)
fjiO{�o]gjoE�Cg

ei,j 6= 0
z�s�r;fhs�w�e

j
�JÙ�icu�gj~�pcu�l�gjoOe

v
¤�gjoµrhs¨�ÓsCz9t¢s�gjo�fh~vkceqsCz�]Äg�g�_«t�l

−µ(xv, xi) · sign(µ(θ, xi))
�C�Ok fjicw icp¬�Cu�uQgjoOe�rhs1�-f1��ð=g-z�s�u�uvs¨�-fqz�rhs�w ]Ägm±�_#gjoE�Cg�{|s�u�icwn�Of

{|s�rjrhe|fjp¢s��Okm~��c��ghs
y � xi

fjicwãicp�ghsÙk1exrhsc��´crhs�w ]Äg�g�_;�;e�zÌicrjgjoOexrq��exg
h
∑

j=1

ei,jdi,j = 0,

��oOexrhe
h = hd(mi/2)

�#ð=z§f�s�w�e
ei,j 6= 0

��e}��exg��n{|s���gjr���km~v{xgj~vs��¬ghs�gjoOe�z���{xgqgjoE�Cg {di,j}h
j=1~vf-kcexghe|{xgj~��c�O�W�s¨�T�;e��Cpcpcu�l�gjoOe]�Ct¢s1��eµ{|s��OfjgjrjiO{xgj~vs���~��&s�rhkcexr�ghsAs�tcg��C~��ê�C�&icpcpZexr+t¢s�ic�Ok&sCz��
d
¤

kcexghe|{xgj~��c�]fhexg-sCz
n
��e|{xghs�rhf1�

±I�KÛ;s��Ofj~vkcexr}gjoOe~c#sXs�uve1�C��u��Cgjgj~v{|e�sCz�fjictOfhexghf�sCz
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⌋
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rO���#oc~vf-�I~���e|fq��w��Cgjrj~ç·���~�gjo
∑

x⊂[n]

( |x|
log2 d

− 2

)

=
n
∑
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log n
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i�f¨���#oOe�~vkce1��sCz«gjoOe}pcrhsXsCz�~vf�ghs]fhoOs1�
gjoE�Cg��Cg�uve1��fjg�oE�Cuçz�sCz«gjoOe+��e|{xghs�rhf�sCz
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¤=km~�w�ex�Ofj~vs��E�CuQfjpcoOexrhe
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_�~vf���fjicw sCz«~��Okcexp¢ex�Okcex��g�r��C�Okcs�w
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∑
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∑
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(ςk − ς̄k)
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=
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(2cnσ2)m/2 �Jð7g#z�s�u�uvs¨�-f-gjoE�Cg m ≥ 2 · n log d−log(2)
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C1, C2, C3
fjiO{ho�gjoE�Cg�z�s�rq�Cu�u

1 ≤ w ≤ d
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w
∑

s=1
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n

s

)(

w − 1

s − 1

)(

8

9s

)k/4

<

√

2

d
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pcrhs1�X~vkce|k£gjoE�Cg

k(n, d) ≤
4min(n, d) log(C1 · max(n,d)

min(n,d) )

log min(n, d) + C2
+ C3 log d.
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w = d
�Jd�e�z�icrjgjoOexr

~��O{xrhe1��fhe�gjoOeKfhicwyt�lµe|fjgj~�w��Cgj~��c� (w−1
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∑
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∑
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∑
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Ü¡~��O{|e
b ≤ d

�cgjoOe�~��Oe|¥¡iE�Cu�~�g=l£{1�C�£t¢e�z�icrjgjoOexr-fjgjrhex�c�IgjoOex�Oe|k¦Ô

∀s, 1 ≤ s ≤ b

(

a

s

)(

b

s

)(

8

9s

)k/4

<

√
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{1�C�£t¢e�e|fjgj~�w��Cghe|kµz�rhs�w �CtZs¨��e���f
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d√
2

.

W�s�ghe�gjoE�Cg
max1≤s≤b log9s/8

(

b
s

) ~vf+rhe1��{hoOe|k°�Cg
s∗ ≤ b/2
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2(2 log 3−4 log 2+log b) + a(log(2)+1)
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2(2 log 3−3 log 2)
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