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Abstract—The perfectly matched layer (PML) absorbing
boundary condition (ABC) is extended to truncate the boundary
of left-handed materials in the Finite-Difference Time-Domain
(FDTD) simulation. The unixial material parameters are given in
the frequency domain, and discretized in the FDTD update proce-
dure by means of the Z-Transform technique. The effectiveness of
the PML is demonstrated by numerical results.

Index Terms—Finite-difference time-domain (FDTD) method,
left-handed material, perfectly matched layer.

I. INTRODUCTION

EFT-HANDED materials (LHMs), a class of metamate-

rials with negative permittivity and permeability, have at-
tracted much attention due to their unique electromagnetic prop-
erties and potential applications [1], [2]. However, hot debates
concerning their properties still remain [3], [4]. In order to verify
the predicted EM properties of the LHMs, the importance of
full-wave numerical simulations has been highlighted, while the
available experimental data are very limited. The finite-differ-
ence time-domain (FDTD) method, one of the most important
full-wave numerical methods, has been employed for this pur-
pose and found to be successful [5], [6].

In the FDTD simulation, absorbing boundary conditions
(ABCs) are needed to truncate the computation domain without
reflection. Among them, the perfectly matched layer (PML)
introduced by Berenger [7] has been the most popular. How-
ever, Berenger’s PML was based on the split field equations
that involved modification of Maxwell’s equations. Sacks [§]
approached the PML in an alternative way by using a layer
of uniaxial lossy medium, avoiding the field splitting. Based
on his work, Gedney demonstrated the FDTD implementation
and the effectiveness of the uniaxial PML in [9] and [10],
for free space and highly dispersive medium, respectively.
Unfortunately, although the permittivity and permeability of the
LHMs are also frequency-dependent, the PML shown in [10]
cannot be used at the boundary of LHMs without modification,
as found in Section II.

In this paper, Gedney’s PML is modified for use on LHMs.
First, the material parameters of the uniaxial PML are given.
Next, the Z-Transform method [11] is applied to implement the
frequency-dependent material property in the FDTD lattice. Nu-
merical results demonstrated the effectiveness of the PML.
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II. PML ForR LHM

The uniaxial material parameter of the PML is given by
[81-[10]

g(w)
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where ¢, (w) and p,(w) are the permittivity and permeability
of the background LHMs. To provide a nonreflective interface
(normal to the z-axis), a, = b, = 1/c, must be satisfied. In
[10], by assuming a,, = k. + (0./jweg), k. > 1,0, > 0,
the PML works well for highly dispersive and lossy material.
However, it fails when the background medium is a LHM. This
can be understood as follows.

Consider a plane wave E, = FEgelwt=ik* H, =
Hyel**=7k=  propagating along the z-axis. The material
parameters in the PML are given by

vz =€0er(W)K, + Er(w)% 2

Oz
Iyy = popr (W)K + popr(w) = 3)

Jweo
At certain frequencies where both ¢, and p, are negative, the
imaginary part of €., and j,,,, will become positive. Therefore,
the fields will be amplified, rather than attenuated in the PML
region. On the other hand, we cannot just change the signof o,
because the material permittivity and permeability differ with
frequency and are not always negative in the whole frequency
range.

Here, we modify the PML permittivity as follows:

Ern = 08 (WAL + . @
Jw
To maintain matched impedance between the PML and back-
ground medium, the permeability of PML should be

por(w)o
Jweoer(w)

Ly = foftr(W)k= + Q)

This equals to set a,, = k. + (0./jwepe,(w)) in (1). Such
a PML can attenuate the electric and magnetic fields whenever
er(w) and p,(w) and are negative or positive.

III. FDTD DISCRETIZATION

The next step is to discretize the PML parameters into Yee’s
grid. It is convenient to use the D-B form in the FDTD lattice,
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and update the E and H using frequency domain constitutive re-
lation, via the Z-transform method [11]. The main idea of the
Z-transform is to introduce jw = (2/At)(1 — 271/1 4 271)
into the constitutive relation, where the z~! operator can be in-
terpreted as a delay operator, 2 ~' F'(z) «» F"~1. Thus, the field
components can be written in a difference form as

M M
Eptt =" by Dy = N a, BT ()
m=0 m=1

M M
n+1 n—m-+1 n—m-+1
HIP =3 d Brm = S e HPTEL (9
m=0 m=1

The coefficients a,, ~ d,, are related to the medium param-
eters and the time step At. As an example, consider the com-
monly used permittivity and permeability for describing a LHM
(51, [6]

w2
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the coefficients a,, ~ d,, are shown in the Appendix. The up-
date coefficients inside the LHM can be calculated using the
same equations by substituting and x, = 1 and o, = 0.

IV. NUMERICAL RESULTS AND DISCUSSIONS

To validate the efficiency of the PML termination, we show
some numerical examples. Consider a Gaussian pulse g(t) =
e~(t=7)"/t; propagating through the LHM along z direction,
where tp = 3 x 10711 s, 7 = 1.2 x 10719 5. The FDTD cells
are given by Az = 1 mm and At = Az/C. Note that the
half-bandwidth of the incident pulse is about 16.67 GHz, the
ratio of the wavelength to the grid cell size is A\g/Az = 18.
The total number of FDTD cells is 100, with 10 cells of PML.
Within the PML, the conductivity was scaled using the polyno-
mial scaling [9], [10]. The electric field is recorded as Epj,z, at
z1 = 20Az. A reference solution based on an extended lattice
is also computed, recorded as F,..¢. The relative error is defined
as

Epmr — Ere
Reflection Error (dB) = 20 x log;, <M)

|Emax|

1D
where F,,x is the maximum value of the propagated electric
field.

The simulation is done on a matched LHM, with w,. =
wpm = 3m x 10% rad/s, I, = I';, = 9 x 107 rad/s and
an unmatched LHM, with wy,e = 37 x 10° rad/s, wpm =
8r x 10% rad/s. Fig. 1 shows the reflection error as a func-
tion of time. It is found that for the matched material, the re-
flection error is about —160 ~ —130 dB. However, for the
unmatched material, the time domain reflection error is about
—80 ~ —60 dB.

In Fig. 2, the reflection error is shown as a function of fre-
quency. Two sharp peaks are found in the unmatched case, cor-
responding to the two material frequencies, respectively. Away
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Fig. 1. Reflection error as a function of time.
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Fig. 2. Reflection error as a function of frequency.

from this region, the error is below —90 dB. In contrast, the re-
flection error is better than —120 dB for the matched PML.

V. CONCLUSION

In this letter, the uniaxial PML is extended to truncate the
boundary of left-handed material, with negative permittivity and
permeability. The effectiveness of the PML is demonstrated by
numerical examples.

APPENDIX

The coefficients a,,, and b,,, in (7) are

[EOKJZ (2w§EAt2 - 8) + 2JzFeAtz]

a; =

A
[60!’4&2 (wgeAtQ —2' At + 4) + o, AL — ZO'ZAt]
as = A
b — (44 2T At) b — 8 by — (4 — 2T At)
0 — A ) 1= A’ 2 = A
where

A =¢or, (wzeAtQ + 2. At + 4) + 0. A2 + 20, At.
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The coefficients ¢, and d,,, in (8) are

¢ =4/C [EONOK/Z (wgewzmAt4 +Few§mAt3 +me§EAt3
—AT,, At—4T  At—16)
+ poo, At (Fewlz,m At —I—wgm At?
4+ A? —4)]
2 =1/Cleoptori: (6w)ewy,, At* —8w? At —8w? At
—8L I At +96)
+ 100, At? (6L cw?,, At* =8I, =8I, )]
c3 =4/C [é‘ouoliz (wgewzmAfl — FewgmAt3 —I‘mwgeAt?’
+4T  At+4T,, At—16)
+ poo s At (I‘ewlz,m At? —wf,mAtZ
~T.Iy A2 +4)]
cy =1/C [Eouoﬁz (wiewf,mA# — 2w§eFm A2 — 2w§mFeAt3
+ Awl A +4w), A +AD T AL
—8T.At—8T,, At+16)
X o At (Tew?, At —2w?  At* —2I.T,, At?
+4T At +4T,, At—8)]
do =2e0/Clwp Do AL +2w2 At 20 Ty, At?
+4(T+T,,) At +8]
dy =4e/C (w2 T At —4T At —4T,,, At —16)
dy = = 8e0/C (Ll At* +w) At* —12)

d3 = — 4e0/C(wy L At> —4D At —4T',,, At +16)
dy = — 260/C (W) T At —2w2 At? = 2T T, AL

+4T  At+4T,, At—8)
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where

C =¢eouok= (wgewgmAtZl + 2w§mFeAt3 + 2w§eFmAt3
+ 4w}, At 4+ AT T AL + 4wl At
+80,, At + 8L At + 16)
+ poo, At (FewzmAtB + szmAt2
+20 Ly A4, At + A0 At + 8)
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