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( 1 The Derivative as a Limit
Let f : ( ( ( be a function.  Let P ( (x, f(x)) and Q ( (x+(x, f(x+(x)) be two points on the curve y = f(x) where (x is a small change in x.



y


        
y=f(x)







    

Q (x+(x, f(x+(x))



        P(x, f(x))











x



   0

  x

      x + (x


 EQ 
Therefore, gradient of PQ
= ADVANCE    eq \f(f(x + (x) - f(x),(x + (x) - x) 



=  eq \f(f(x + (x) - f(x),(x)  

As Q is moved nearer to P, i.e. (x becomes smaller such that it is nearly equal to zero (or (x ( 0), 

then the gradient of the curve at P  =  eq \a\ac(lim,(x ( 0) 

 eq \f(f(x + (x) - f(x),(x) 
This is known as the derivative of f (with respect to x) at x and is denoted by f ’(x).    


The process of finding the derivative, f ‘ (a), from f(x) is called differentiation.

Example 1.1

Let f : x ( c be a constant function where c is a real constant.  Show that f ’(x) = 0 for each x((.

Solution

Example 1.2

Find the value of the derivative of the function f : x ( 3x + 4 at x = 2.  [3]

Solution

Example 1.3

Find the value of the derivative of the function f : x (x2 - 5 at x = a.  Hence write down the equation of the tangent at the curve y = x2 - 5 at (3,4).  [2a, y – 6x + 14 = 0]

Solution

Note: In general, if P = (a,b) is a point on the curve y = f(x), the equation of the tangent to the curve at P is given by y - b = f ’(a) (x-a) , and the equation of the normal to the curve at P is given by  y - b = -  EQ \F(1,f '(a)) (x-a)

( 2  General Differentiation
Notation:

Derivatives of function f : x ( y at x can be denoted by  f ’(x),   EQ \F(df(x),dx) ,          EQ \F(dy,dx)          or  y’.  

We denote the value of the derivative of f at x = a by      f ‘ (a),   EQ \F(df(x),dx) (x=a  ,  EQ \F(dy,dx)  (x=a  , EQ \B(\F(dy,dx)) (a)  or  y’(a)

Following are the basic formulae for differentiation (a and n are constant real numbers)

 EQ 

 EQ \F(d,dx) (a) = 0
 EQ \F(d,dx) (ax) = a



 EQ \F(d,dx) (xn)  = n xn-1

 EQ \F(d,dx) (axn)  = a  EQ \F(d,dx) (xn)   = anxn-1

 EQ \F(d,dx) [f(x) + g(x)]  =  EQ \F(d,dx) f(x)  +  EQ \F(d,dx) g(x)


 EQ \F(d,dx) [f(x) - g(x)] =  EQ \F(d,dx) f(x)  -   EQ \F(d,dx) g(x)



( 2.1  The Product Rule

Let f and g  be two functions.  Then  EQ \F(d,dx) [f(x)g(x)] =  f(x)  EQ \F(d,dx) g(x)   +   g(x)  EQ \F(d,dx) f(x)

Example 2.1

Differentiate  
a)  (3x2 + 1)(2x + 7)

b) (3x + 1)(x2 + 1)(x3 + 2)   

[18x2 + 42x + 2 , 3(x2 +1)(x3 + 2) + x(3x + 1)(5x3 + 3x + 4) ]

Solution

( 2.2   The Quotient Rule

Let f and g be two functions with g(x) ( 0.  Then  EQ \F(d,dx) 

 EQ \B(\F(f(x),g(x))) =  EQ 

 EQ \F(g(x)f '(x) - f(x)g '(x),(g(x))\s(2))  

Example 2.2

Differentiate a)  EQ \F(1,2x\S(2) + 5)    

b)   EQ \F(2x\S(3) + 7,x\S(4) + 1 )    
      [a)  eq \f(-4x,(2x2 + 5)2)  b)  eq \f(2x2(3 - 14x - x4),(x4 + 1)2) ]
Solution

Example 2.3
a)   If s =  EQ \F(2t,t\S(2) + 1) , find  EQ \F(ds,dt)  when t = 0.


b)  Given u =  EQ \F(1,1 - v) ,   v ( 1,  show that  EQ \F(du,dv)  is always positive.   [a) 2  ]

Solution

Note :  If   EQ \F(du,dv)  is always negative, it implies that u is a decreasing function.

( 2.3  The Chain Rule
Let g and h be two functions and define  f(x) = (hog)(x) = h[g(x)].  

Then 



      f ’(x) = h’[g(x)]g’(x)

Note : If we let 
u = g(x) 

and 
y = h(u)

          then,         eq \f(du,dx) = g’(x)
and
 eq \f(dy,du) = h’(u)

Let            y = h(u) = h[g(x)] = f(x)

(    eq \f(dy,dx) = f ‘ (x)

= h’[g(x)]g’(x) 
(by chain rule
)

= h’(u) g’(x)

(since u = g(x) 
)

=  EQ \F(dy,du)  .  EQ \F(du,dx) 

(since  eq \f(dy,du) = h’(u) and  eq \f(du,dx) = g’(x)   )

Example 2.4

Differentiate with respect to x :  a) eq \r(,\f(1 + x,1 - x))         b) (x2 + 1)5          c) (x2 – 1)(x – 2)5     d) (3x2 + 4)1/2
[a)  eq \f(1,(1(x)3/2(1+x)1/2)  b) 10x(x2 + 1)4  c) (x ( 2)4 (7x2 ( 4x ( 5)  d)  eq \f(3x,\r(,3x2 + 4)) ]

Solution

( 3  Differentiation of Trigonometric Functions

(All angles throughout this section will be given in radians.)

 EQ \F(d,dx) sin [f(x)]  = f ’(x) cos [f(x)]


 EQ \F(d,dx) cos f(x) = - f ’(x) sin [f(x)]



 EQ \F(d,dx) tan [f(x)] = f ’(x) sec2  [f(x)]


 EQ \F(d,dx) cot [f(x)] = -f ‘ (x) cosec2 [f(x)]



 EQ \F(d,dx) sec [f(x)] = f ‘ (x) sec [f(x)] tan [f(x)]


 EQ \F(d,dx) cosec[f(x)] = -f ‘ (x) cosec[f(x)] cot [f(x)]



Example 3.1
Differentiate with respect to x

a) x2 sin x
b)  EQ \F(cot x,x\S(3)) 

c)  EQ \F(1 + tan x,sec x) 
d)  EQ \F(x cos x,1 + cosec x) 
[a) x2 + cos x + 2x sin x    b)  eq \f(-x cosec2 x - 3 cot x,x4)   c)  eq \f(1 - tan x, sec x)   d)  eq \f((1 + cosec x)(cos x - x sin x) +x cot2x,(1 + cosec x)2) ]

Solution

Example 3.2

Differentiate with respect to x

a)    tan4 x
b)  eq \r(,cos x) 
c)  tan3(x8)
d)  sin4 (x cos x) 

[a) 4 tan3 x sec2 x  b)  eq \f(- sin x,2 \r(,cos x))   c) 24 x7 tan2 (x8 )sec2 (x8)   d) 4(cos x – x sin x) sin3 (x cos x)cos (xcosx)]

Solution

Example 3.3 (CJC 00/1/4b)

Differentiate with respect to x the expression sin2 ( eq \f((,4) – x), leaving your answer in the form of a single trigonometric term.  [( cos 2x]

Solution 

Example 3.4

Find the equation of the tangent to the curve y = sin x + cos x  at x = (.  [x + y = ( - 1]

Solution

(  4  Differentiation of Inverse Trigonometric Functions

Recall:
y = sin-1 x 
(  
sin y = x


y = cos-1 x
(
cos y = x


y = tan-1 x
(
tan y = x

In general,

 EQ \F(d,dx) sin-1 [f(x)]  =  EQ \F(f ' (x),\r(,1 - [f(x)]2)) 
 EQ \F(d,dx) cos-1 [f(x)]  = -  EQ \F(f ' (x),\r(,1 - [f(x)]2)) 
 EQ \F(d,dx) tan-1 [f(x)]  =  EQ \F(f ' (x),1 + [f(x)]2) 

Specifically,

 EQ \F(d,dx) sin-1 x  =  EQ \F(1,\r(,1 - x2 )) 
 EQ \F(d,dx) cos-1 x  = -  EQ \F(1,\r(,1 - x2)) 
 EQ \F(d,dx) tan-1 x  =  EQ \F(1,1 + x2) 

Note: sin-1 x (  eq \f(1,sin x)  even though  sin2 x = (sin x )2 .

Example 4.1

Differentiate with respect to x: a)   sin-1 (ax + b)

b)  cos-1 (x2)

c)  EQ \F(tan\s\up(-1) x,x) 
[a)  eq \f(a,\r(,1 - (ax + b)2))   b)  eq \f(- 2x,\r(,1 - x4))  c)  eq \f(x - (1 +x2)( tan-1 x),x2(1 + x2)) ]

Solution

Example 4.2 (SAJC 98/1/10 part 1)

Show that  eq \f(d,dx) [tan-1 ( eq \f(x - 1,x + 1) )] =  eq \f(1,1 + x2) 
Solution

Example 4.3 (N99/1/12)

Find   eq \f(d,dx) [sin-1  eq \r(,1 - x2) ]


[{ eq \a\ac(- \f(1,\r(,1-x2))  x > 0, \f(1,\r(,1-x2))  x < 0) ]

Solution

( 5  Differentiation of Exponential and Logarithmic Functions
In general,

 EQ \F(d,dx) e f(x)  = f ‘ (x) e f(x)

 EQ \F(d,dx) (ln [f(x)])  =  EQ \F(f ' (x),f(x))     (f(x) > 0)


 EQ \F(d,dx) ax = ax ln a

Specifically,

 EQ \F(d,dx) e x  = ex 


 EQ \F(d,dx) ln x  =  EQ \F(1,x)     (x > 0)



Proof of last result:  Let   y = ax  (  ln y = x ln a
(taking ln on both sides)

(   EQ \F(1,y) 

 EQ \F(dy,dx) =  ln a
(differentiating wrt x using chain rule and implicit diff)

(      eq \f(dy,dx) = y ln a

(   EQ \F(d,dx) ax = ax ln a
(since y = ax )

Example 5.1

Differentiate with respect to x:

a)    EQ e\S\up((x\s\up(2) + 1)) 

b)  x3e-x sin x


c) e3x sin 2x  

[a) 2x EQ e\S\up((x\s\up(2) + 1)) 
b) x2e –xsinx(3 –xsinx –x2cosx)  
c) 2e3xcos 2x + 3e3xsin 2x ]

Solution

Example 5.2
Differentiate with respect to x :

a)   ln (1 + x3)
b)  x3 ln x
c) ln (cos x)
[a)  eq \f(3x2,1 + x3)   b) x2 + 3x2 ln x  c) – tan x  ]

Solution

Example 5.3 (CJC 00/1/4a)

Differentiate with respect to x  
ln ( eq \f(\r(1 - 2x),x2 - 4x + 4) ).




[ eq \f(3x,(2x - 1)(2 - x)) ]

Solution

(  6  Implicit Differentiation

All the differentiation carried out so far has involved equations of the form y = f(x).

Now consider the equation 


y + xy + y2 = 2

This equation cannot be easily re-written as 


y = f(x).

We say that y = f(x) is implied by the equation 
y + xy + y2 = 2
i.e. f(x) is an implicit function.

Re-writing the equation, we have

f(x) + xf(x) + [f(x)]2 = 2

Differentiating with respect to x,
   eq \f(d,dx) f(x) + f(x) + x  eq \f(d,dx) f(x)
+ 2f(x)  eq \f(d,dx) f(x) = 0




(
[1 + x + 2f(x)]  eq \f(d,dx) f(x) + f(x) = 0

Replacing f(x) by y
(
[1 + x + 2y]  eq \f(dy,dx)  + y 
   = 0




(


 eq \f(dy,dx) 
   = -  eq \f(y,1 + x + 2y) 
This process of finding  eq \f(dy,dx)  is called implicit differentiation.

Example 6.1

Find  EQ \F(dy,dx) in terms of x and y if   a)   x2 + y3 = xy
  b)  x2y + xy2 = 1
 c) sin x = 1 + y sin y

[a)  eq \f(y - 2x,3y2 - x)  
  b) -  eq \f(y(y+2x),x(x+2y))  
c)  eq \f(cos x,ycosy + sin y) ]

Solution

Example 6.2

Show that the tangents to the curves  
y3 - x2y + 5y - 2x = 6 
and 
x3y2 - 2y - 8x - x4 = - 2 

at the point (0,1) are perpendicular.

Solution
Example 6.3

Differentiate with respect to x: a)  y = x sin x
   b) xy = yx  
 [a)xsinx ( eq \f(sin x,x)  + cosx lnx)  b)  eq \f(y(xlny -y),x(ylnx - x)) ]

Solution

( 7   Parametric Representation

If there exists two functions f and g such that x = f(t) and y = g(t) where t is a new variable,  then the two equations are called parametric equations of the curve and t is called a parameter.  If a curve is defined parametrically by the equations, x = f(t) and y = g(t), the derivative is  EQ \F(dy,dx) =  EQ \F(dy,dt) (  EQ \F(dx,dt) 
Example 7.1

A curve is given parametrically by the equations x = (1 + t)2 and y = 2t.  Find  EQ \F(dy,dx) in terms of t, and hence find the point on the curve at which the gradient is one. [ eq \f(1,1 + t) , (1,0) ]

Solution

Example 7.2
The curve is given parametrically by the equations x = 2 cos t and y = 3 sin t.  Find  EQ \F(dy,dx) in terms of t and obtain the equation of tangent to the curve at the point where t =  eq \f((,4) .  [(  eq \f(3,2) cot t,  3x + 2y = 6 eq \r(,2)  ]

Solution

(  8   Higher Derivatives

Given  f : x ( y

a) f ’(x) 
( or  EQ \F(dy,dx) )    : derivative of f (x) with respect to x

b) f ’’(x) 
( or  EQ \F(d\s\up(2)y,dx\s\up(2)) )  :  derivative of f ’ (x) with respect to x or second derivative of f with respect to x

c) f (n) (x) 
(or  EQ \F(d\s\up(n)y,dx\s\up(n)) )   :  derivative of f(n-1) (x) with respect to x or nth derivative of f with respect to x

Example 8.1
Find  EQ \F(d\s\up(2)y,dx\s\up(2)) and  EQ \F(d\s\up(3)y,dx\s\up(3)) when    a)   y = x7
b)  y = sin 3x  
[a) 42x5, 210x4  b) –9 sin 3x, ( 27 cos 3x ]

Solution

Example 8.2

If y = ln (1 + sin x), show that  cos x  EQ \F(d\s\up(2)y,dx\s\up(2)) +  EQ \F(dy,dx) = 0.

Solution

( 9   Miscellaneous Examples

Example 9.1 (YJC 01/1/6b)

a) Differentiate the following with respect to x, simplifying your answers.

b) tan(1  eq \b(\f(1,1 + x2)) 
c) 2 ln x 

[(  eq \f(2x,x4 + 2x2 + 2) ,  eq \f(ln 2,x)  2ln x ]

Solution

SUMMARY  (Differentiation) 


Basic formula, 
 eq \f(d,dx) ax​n   = anxn-1

Product Rule,
 eq \f(d,dx) uv = v  EQ \F(du,dx) + u  EQ \F(dv,dx) 
Quotient Rule,
 eq \f(d,dx)  EQ \F(u,v)  =  EQ \F(v\f(du,dx) - u\f(dv,dx),v\s\up(2)) 
Trigonometric formula,
 eq \f(d,dx) sin [f(x)] = f ’(x) cos [f(x)]

 eq \f(d,dx) cos f(x) = - f ’(x) sin [f(x)]

 eq \f(d,dx) tan [f(x)] = f ’(x) sec2  [f(x)]

 eq \f(d,dx) cot [f(x)] = - f ‘ (x) cosec2 [f(x)]

 eq \f(d,dx) sec [f(x)] = f ‘ (x) sec [f(x)] tan [f(x)]

 eq \f(d,dx) cosec[f(x)] = - f ‘ (x) cosec[f(x)] cot [f(x)]

Exponential formula,
 eq \f(d,dx) e f(x) = f ‘ (x) e f(x)

 eq \f(d,dx) ax = ax ln a

Logarithmic formula,
 eq \f(d,dx) ln [f(x)] =  EQ \F(f ' (x),f(x)) 
Inverse Trigonometric formula,
 eq \f(d,dx) sin-1 [f(x)] = EQ \F(f ' (x),\r(,1 - [f(x)]2)) 
 eq \f(d,dx) cos-1 [f(x)] = -  EQ \F(f ' (x),\r(,1 - [f(x)]2)) 
 eq \f(d,dx) tan-1 [f(x)] =  EQ \F(f ' (x),1 + [f(x)]2) 
“Necessity is the mother of invention”
