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( 1  Introduction

Recall the following set notations from the chapter on Inequalities:

A set is a well-defined collection of objects e.g. numbers, names, ideas, etc.

An object of a set is called an element of the set.

{ } is “a set of …”

(   is “an element of”  e.g. a ( A

(   is “not an element of”

(   is “a subset of”  e.g. A ( B

(   is “a subset of or equal to”

(   is “a union of”   e.g. A ( B

(   is “an intersection of”  e.g. A ( B

{x : x < 5, x ( N} is the set of all x such that x is less than 5, where x belongs to N i.e. {1, 2, 3, 4}.

A relation from a set A to another set B is a pairing of elements of A with elements of B.  

A function is a special type of relation between two sets A and B such that each and every member of A is related to one and only one member of B, although some of the members of B may not be related to any member of A.
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Definition: 

A function f : X ( Y is a rule which associates with each element x ( X a unique element y(Y 

such that y = f(x).  The element f(x) in Y is called the image of x under f.  

X is called the domain of f and is denoted by Df.  

Y is called the codomain of f.  

The range of f is {y ( Y : y = f(x), x ( X} and is denoted by Rf. 

A function is also known as a mapping.

Note: 
a)  The range of f must be a subset of or equal to the codomain of f.


b)  When defining a function, the domain must be indicated.  However, when the domain is not specified, it is usually understood that the domain of the function is the largest possible domain for which the function is defined.


c)   When the codomain is not stated, it is taken to be the range. (i.e. codomain = ranage)

A function can be represented on the Cartesian plane by means of a graph.  

For each point on the graph, the x-coordinate represents a value in the domain 

while the y-coordinate represents its corresponding image in the range.

Example 1.1

Which of the following graphs does not represent functions?

a)


b)


c)


d)

( 2  Domain and Range of a Function
When we draw the graph of a function, 

the region of the x-axis which is “covered” by the graph is the domain of the function and 

the region of the y-axis which is “covered” by the graph is its range.

Example 2.1

Sketch the graph, state the domain and find the range of each of the following functions.

a) f : x ( 2x - 4  
x ( (, 0 ( x ( 3 

b) g : x ( x2 + 2x + 2 
x ( (
c) h : x ( -2x2 + 4
x ( (
[a) {y((: -4 ( y (2} b) {y((: y ( 1}  c) {y((: y ( 4}  ]

Solution

Example 2.2

Sketch the graph, state the domain and find the range of the following function.

   f : x ( x - 1
for x < 1

   f : x ( [x]
for 1 ( x < 3

   f : x ( x
for  x ( 3
[Df  = {x ( (}, { y((:  y < 0} U {1,2} U {y((: y ( 3} ]

Solution

It must be stressed that the above function f is considered as one function and not three different functions.  

f is a rule that differs for the three different subsets of the domain.

Example 2.3 (AJC 2000/1/4 modified)

The function f is defined by 
f: x ( (x – 1)2 + 2
x ( (, x < - 1.  State its domain and find its range.

[Df = { x ( (: x < - 1}, Rf = { y ( ( : y > 6} ]

Solution 

Example 2.4

Sketch the graph, state the domain and find the range of each of the following functions.

a)  f : x ( x2 - x

x ( ( 

b) g : x (  EQ \F(1,x2 - x) 

x ( (, x ( 0, x ( 1   [a) y ( -  eq \f(1,4)   b) y ( - 4, y > 0 ]

Solution

( 2.1  Implied (Maximal) Domain

Consider the rule f(x) = x2.  It is possible to define many functions using this rule.  For example,

f : ( ( (

where f(x) = x2
g : (- ( {0} ( (
where g(x) = x2
h : {0,1,2} ( (

where h(x) = x2
are all different functions defined using the same rule but different domains.  The graphs of these functions are respectively a complete parabola, a half parabola and three distinct points as shown below.
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Most frequently we are concerned with that function which has the largest possible domain in the set of real numbers consistent with the given rule.

Note: Where no domain is specifically stated, it is understood that the domain of the function is the largest possible domain for which the function is defined. (refer to note on page 1)

Domains may be written in the form of open and closed intervals as follows:

a)  
Closed Interval [a,b] 
= {x : a ( x ( b}

b)
Open Interval   (a,b) 
= {x : a < x < b}

c)
Half-open on left (a,b] 
= {x : a < x ( b}

d)
Half-open on right [a,b) 
= {x : a ( x < b}

( 2.2  Restriction of a Function

Consider the functions


f : ( ( (

where f(x) = x2

g : [-1,1] ( (

where g(x) = x2

h : (+ ( {0} ( (
where h(x) = x2
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The different letters f, g, h used to name the three functions, emphasize the fact that we have three different functions since they are defined on different domains even thought the rule is the same in each case.  

g and h are called restrictions of f since their domains are subsets of the domain of f.  

Notice g is not a restriction of h and vice versa.

( 3 Types of Functions

( 3.1  One-one Functions

Definition :  A function f : X ( Y is said to be one-one (or injective ) if no two distinct elements of X have the same f-image.  In other words, a function f : X ( Y is one-one if the following condition is satisfied: 

Let x1 , x2 ( X, then f(x1) = f(x2) ( x1 = x2 .  This can be shown graphically.

Consider the functions

f : x ( (x 
where x ( 0

g : x (  EQ \F(1,x) 
where x ( 0

h : x ( (x (
where x ( (
k : x ( 4 + 3x - x2  
where x ( (
For the graphs of functions f and g, any horizontal line y = b drawn within the range on the Cartesian plane will cut the graphs only once.

STOP. THINK. Why use a straight horizontal line and not a curve or a slant line?

f is a one-one function




g is a one-one function
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f(x) =  eq \r(,x) 


     y
g(x) =  EQ \F(1,x) 
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For graphs of functions h and k, any horizontal line drawn within the range will cut the graphs twice.

h is not a one-one function



k is not a one-one function


        y







y






h(x) = (x(

k(x)=4+3x-x2
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Example 3.1

Sketch the following functions and determine if they are one-one.  

a) Let f be a function on ( defined by 


f : x ( x + 1
for x ( -1


f : x ( x2 - 1
for x > -1
b) Let g be a function defined by 


g : x ( x + 1
for x ( -1


g : x ( x2 - 1 
for x > 1

[f(x) not one-one, g(x) is one-one ]

Solution

Note: In the example above, g is a restriction of f.  Many functions like f above, which are not one-one have restrictions that are one-one.

Example 3.2

Determine which of the following functions on ( are one-one:


f : x ( x


g : x ( 2


h : x ( 2x + 1


k : x ( [x]




[f and h are one-one, g and k not one-one]


Solution

Example 3.3 (RJC 00/1/6 modified)

The function f is defined by f: x (  eq \f(1,x2)  , x ( (.  Show that f is not one-one.   

Define a restriction of f that is one-one.  [either Df = { x > 0 } or Df = { x < 0 } ]

Solution

(  3.2  Increasing and Decreasing Functions
Let X ( (.  A function f : X ( ( is said to be strictly monotone increasing if and only if for x1, x2 in X and 

x2 >  x1 , we have f(x2) > f(x1).  i.e. as the value of x increases, that of f(x) also increases.

Examples of strictly monotone increasing functions are:

a) (identity function)  i : x ( x
b) l : x ( mx + c ,m > 0 

c) (root function)  f : x (  eq \r(,x) 
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Let X ( (.  A function f : X ( ( is said to be strictly monotone decreasing if and only if for x1, x2 in X and 

x2 > x1, we have f(x2) < f(x1) i.e. as the value of x increases, that of f(x) decreases.

A sequence is monotonic if it is either increasing or decreasing.

Examples of strictly monotone decreasing functions are:

a)   (linear function)  l : x ( mx + c where m < 0

b) f : x ( -x2
where x ( 0



   l





f



Note : It follows immediately from these definitions that all strictly monotone increasing functions and all strictly monotone decreasing functions are one-one.

Example 3.4

Sketch the following functions and determine if they are strictly monotone increasing, decreasing or one-one.

a)  f : x (  EQ \F(3x + 1,x - 1)  for x < 1
b) g : x ( 2 + x
for x ( -1
c) h : x ( x3
for x real


    


    g : x ( x
for x ( 1



[f strictly monotone decreasing and one-one, g is not one-one, g is not strictly monotone increasing but just monotone increasing, h is strictly monotone increasing and one-one]

Solution

( 3.3  Odd and Even Functions
Definition:  A function f : X ( Y for which f(-x) = f(x) for each x ( X is called an even function.  Even functions are obviously not one-one.

   y


Consider the function f defined by f : x ( x2  , x ( (. 




y = x2
Replacing x by -x we have


f(-x) = (-x)2 = x2 = f(x)   i.e. f(-x) = f(x) 


(-x,y)


        (x,y)

Geometrically, the graph of f is a parabola which is symmetric 

about the y-axis because if the point (x,y) is on the graph, then 

so is (-x,y) and vice versa.  In other words, we have f(-x) = f(x).











 0

   x

Definition:  A function f : X ( Y for which f(-x) = - f(x) for each x ( X is an odd function.

Consider the reciprocal function f : x (  EQ \F(1,x) for x ( 0.  




          y =  EQ \F(1,x) 
Replacing x by -x, we have


f(-x) =  EQ \F(1,(-x)) = -  EQ \F(1,x) = - f(x)   i.e. f(-x) = - f(x)  

Geometrically, the graph of f is a hyperbola which is symmetric 


     0

    x 

about the origin in that, if the point (x,y) is on the graph, then 

so is (-x,-y) and vice versa.  In other words, we have f(-x) = -f(x).

Thought: Are the sine, cosine, tangent functions even or odd? [Ans : odd, even, odd]

Example 3.5

Determine which of the following functions are odd, even or neither.

a)
f : x ( x

b)
f : x ( c
c is a constant

c) 
f : x ( x3
x is real

d)
f : x ( x2
x > 0

e)
f : x ((x(



[a) odd   b) even   c) odd   d) neither  e) even ]

Note: If we know that a given function f is either even or odd, then to draw the graph of f, it is only necessary to obtain the graph of f for one half.  The other half can then be completed by using symmetry.

Solution

( 3.4  Onto (or Surjective) Functions
Definition: A function is said to be onto (or surjective) if the range of this function is the codomain itself, 

i.e. {f(x) : x ( X} = Y.

Note:  If the codomain is not stated in the question, it is taken that the codomain = range of the function.(ref p1)

           In the A-level Maths C syllabus, all functions given are onto.

Example 3.6

The following functions each have codomain (.  Sketch their graphs and determine which are onto (.

a)  f : x (  EQ \F(1,x) 
,x ( 0

b)  g : x ( x


c)  h : x ( - x2 

[a) no  b) yes   c) no ]

Solution

( 3.5   Bijective Functions
Definition:  A function f : X ( Y which is both one-one (injective) and onto (surjective) is said to be bijective.

Example 3.7

Sketch the graphs of the following functions and determine which are bijective.

a)  f : x ( x3  , x ( (

b)  g : x ( 2 + x    x ( - 1





     g : x ( x    
   x ( 1

[a) yes  b) no  ]

Solution

( 3.6  Exponential and Logarithmic Functions 

An exponential function is one where the variable appears as an exponent (i.e. an index) e.g.  2x, ex, 10x+1, 5-3x + 2

Given a > 0, the function f defined by f : x ( ax   (x ( ()  is called an exponential function with base a.

Consider the function f(x) = 2x .  The following table shows corresponding values of x and f(x).

x
...
-10
...
-5
-4
-3
...
0
1
2
3
...

f(x)
...
 EQ \F(1,1024) 
...
 EQ \F(1,32) 
 EQ \F(1,16) 
 EQ \F(1,8) 
...
1
2
4
8
...

From the graph we see that: 






f(x) 
            f(x) = 2x


a)   f(x) > 0 for all real values of x

b)  as x increases, f(x) increases at a rapidly acceleration rate

c)  f(x) = 1 when x = 0

d)  as x decreases i.e. x = -10, -100, ...,   f(x) approaches the value zero.  
      1

This is written,   x ( - (,    f(x) ( 0

Any function of the form ax , where a > 1, is represented by 

a curve similar to that deduced for 2x.

The function g : x ( loga x , x ((+ , a > 0, a ( 1, is called the logarithmic function with base a.  

Consider the function g(x) = lg x,  x > 0 .  The following table shows corresponding values of x and f(x).

x
...
0.01
0.10
1.00
…
2.00
…
10.00
…
100.00
…

g(x)
...
-2.0
-1.0
0.0
…
0.3
…
1.0
…
2.0
…


From the graph we see that:




  g(x)


g(x) = lg x

a) g(1) = lg 1 = 0 and g(10) = lg 10 = 1

b) when x ( 0+   , g(x) ( - (
c) when x ( + (, g(x) ( + (
d) g(x) < 0 for all 0 < x < 1




     0
   1

e) g(x) > 0 for all x > 1

Any function of the form loga x , where x > 0, is represented by a curve similar to that deduced for lg x.

Useful property :  f(x) = e ln f(x) 

Example 3.8

Sketch, on separate axes, the graphs of functions
f: x ( ex , x ( (    and    g : x ( ln x  ,   x ( (.

Are they one-one? [yes]

Solution

( 4  Inverse Functions

Let f : X ( Y be a function.  

The function which maps the image back to its initial value is known as the inverse function, denoted by f –1 .  

The inverse f -1 : Y ( X is a function if and only if f is one-one and onto. 

The range of f -1 (x) is the domain of f(x).  



      Df

   f

Rf 

The domain of f -1 (x) is the range of f(x).  

Graphically, f –1 is the graph of f reflected along the line y = x.









   Rf – 1 

f – 1 

Df –1 


Example 4.1

Let f : ( ( ( be a function defined by f : x ( 2x - 2.  Find its inverse f -1.  Is f -1 a function?

[f –1 : x (  eq \f(x + 2,2) , x ( ( , a function ]

Solution

Example 4.2

A function f : ( ( ( is given by 


f : x (  EQ \F(1,2) x -  EQ \F(1,2) 

for x ( -1


f : x ( - x3

for -1 < x < 1


f : x (  EQ \F(1,2) x +  EQ \F(1,2) 

for x ( 1

Sketch the graph of f.  Define its inverse relation and determine if it is a function.

[Ans:
f –1 : x ( 2x + 1

for x ( - 1


f –1 : x (  eq \r(3,- x)     
for – 1 < x < 1


f –1 : x ( 2x – 1

for x ( 1

, a function ]

Solution

Example 4.3

Let -900 ( ( ( 900 and sin ( = x.  Define an inverse function arc-sine as follows:  sin-1 : x ( (
-1 ( x ( 1

Sketch the graph of sin ( and sin-1 x.

Solution

Note : Similarly,

i)  for 00 ( ( ( 1800 and cos ( = x,  define (arc cosine)   cos-1 : x ( (
-1 ( x ( 1

ii) for -900 ( ( ( 900 and tan ( = x, define (arc tangent) tan-1 : x ( (
x ( (
Example 4.4

The function f is defined by


f : x ( -x2
for x ( 0


f : x ( (x(
for x < 0

Sketch the function f and hence sketch the inverse function f -1.

Solution

Example 4.5 (CJC 97 Promo)

Functions f and g are defined by  
f : x (  eq \r(,1 - x)   
x < 1





g : x ( sin x
x ( (+ 

a) Find f –1 (x).  Sketch on the same axes f(x) and f –1 (x).

b) Explain briefly why the functions g –1 (x) does not exist.
     [a) f –1 (x) = 1 – x2,  x > 0        b) g -1 not 1-1]

Solution

Example 4.6 (ACJC 95/1/15a)

Given function 
g: x ( x2 – 2x,   x ( (, x ( 0.  Briefly explain why the inverse function of g does not exist.  State the largest domain of g such that g –1 exists.  [g  is not one-one or onto.  Dg = { x ( ( : x ( 1}  ]

Solution

Example 4.7  (CJC 97 JC1 Term 3 CT)

The function f and g are defined as follows:


f : x ( x3 + 1
x ( (

g : x ( e  - 2x 
x ( (
Define in a similar manner, the inverse function f –1 and g –1.  [f –1: x (  eq \r(3,x - 1) , x ( (,  g –1: x ( ln  eq \f(1,\r(,x)) , x > 0 ]

Solution

Example 4.8 (SRJC 00/1/17ai)

The function f is given by  f : x ( 2( x + 3 )2 – 5 , x ( - 3.  Show, by means of a graphical argument or otherwise, that f is one-one, and find an expression for f – 1 (x).
[ ( 3 (  eq \r(\f(x + 5,2))  ,  x ( ( 5 ]

Solution

( 5  Composite Functions
Definition: The composite function    gof    (or gf) of the functions f : W ( X and g : Y ( Z 

where Rf ( Y is the function  gof : W ( Z  defined by (gof)(w) = g(f(w))  for all w ( W.




W

          X / Y


Z




w
       f

f(w)
       g
        g(f(w))





.


.


.

Consider the functions


f     : x  (  x2 

x ((

g    :  x ( 2x + 4

x ((
Now,
gf(x) = g[f(x)] = g(x2) = 2x2 + 4

So,
gof : x (  2x2 + 4
x (( 


Hence, g(f(x)) is the image of x after first applying mapping f, followed by mapping g.

A composite function is also called a function of function.

Note: 
a) For gof to be defined (i.e a function), Rf ( Dg.  Similarly, for fog to be defined, Rg ( Df

b) The domain of gof is the domain of f.


c) To find (gof) -1 , we may use the result (gof) -1 = f –1. g –1 .


d) In general, gf ( fg

To find the range of a composite function:

Method 1 – draw the graph of the composite function and get the answer from the graph.

Method 2 ( draw the graphs of the individual functions.

Example 5.1

Consider the functions: 
f     :  x  (  x2 

x ((



g    :  x (  2x + 4
x ((
Find the range of the composite function gf.  [Rgf = {y ( ( : y ( 4}]

Solution

Example 5.2

Let f and g be functions on ( defined by 


f : x ( (x(
 
g : x ( x2 + x + 1

Show that gof is a function, and define gof.  
[Ans: Rf ( Dg ,  gof : x ( x 2 + (x( + 1   x (( ]

Solution

Example 5.3 (JI 01/1/6)

The functions f and g are defined by   f : x ( 2 + x ( x2   x ( (, and g : x (  eq \f(1,1 + tan x)    0 ( ( <  eq \f((,2) .

State the range of fg.  [Rfg = [2,  eq \f(9,4) ) ]
Solution

Example 5.4

Functions f and g are defined as follows:


f : x ( 3x + 1

x ( (

g : x ( -2x + 3

x ( (
Find a) fog and (fog) -1

b) f -1 , g -1 and g -1 o f -1
Hence show that (fog) -1 = g -1 o f -1.  



[a) fog : x ( - 6x + 10, x ( (,  (fog) -1 : x (  eq \f(10 - x,6) , x ( (
b) f –1 : x (  eq \f(x - 1, 3) , x ( (,     g  -1 : x (  eq \f(3 - x,2)  , x ( (,       g -1 o f -1 : x (  eq \f(10 - x,6) , x ( ( ]

Solution

Example 5.5 (CJC 98 Promo)

The functions f, g and h are defined by


f : x ( x + 4
x > -4


g : x ( ln x
x > 0


h : x ( x2 
x ( (
a) Explain why the composite function fg cannot be defined whereas the composite function gf can be defined.

b) Denoting gf by k, obtain k(x) and state is domain.  Sketch the graph of y = k(x) and state its range.  Find k -1.

c) If hg(a) = hg (b),  a ( b, show that ab = 1.

[b) k : x ( ln (x + 4) , x > -4,  Rk ( (.  K -1 : x ( ex – 4, x ( (]

Solution 

( 6  Miscellaneous Examples
Example 6.1 (J83/1/3)

The functions f and g, each with domain (, are defined as follows:


f : x ( 3x + 2


g : x ( x2 + 1

For each of f and g, state the range of the function and show whether or not the function is one-one.  Give explicit definitions of each of the composite functions fog and gof and find the values of x for which (fog)(x) = (gof)(x).  State the domain of the inverse relation (fog)-1 and give an explicit definition of this relation.  Explain briefly why (fog)-1 is not a function.   

[Rf = {y ( (}, one-one, Rg = { y ( ( : y ( 1}, not one-one,  fog: x ( 3x2 + 5, x ( (,

gof : x ( 9x2 + 12x + 5, x ( (, x = 0 or –2, (fog)-1 : x (  eq \r(,\f(x -5,3)) , x ( 5, not function due (fog) is not one-one.]

Solution

Example 6.2 (YJC 01/1/18a)

The function f and g are defined as follows:  f : x ( x2 + 3x   x ( (, |x| ( 1, g : x (  eq \f(7,2) (  eq \r(,16(x2)   |x| ( (.

Write down the maximum value of (.

By means of a sketch of y = g(x), find the range of the function g.

Hence, explain why the composite function fg is not well-defined.

Determine the maximal domain of g such that fg exists. [( = 4, Rg = [(  eq \f(1,2) ,  eq \f(7,2) ], Dg max = [(  eq \f(\r(,39),2) ,  eq \f(\r(,39),2) ] ]

Solution

Example 6.3 (ACJC Prelim 97/1/14 first part)
The function f and g are defined by 


f : x ( ln (2x – 3) 
x ((, x >  eq \f(3,2) 

g : x ( 2x – ln 12
x ((
a) Find the exact value of gf(4.5)

b) Give the corresponding definition of f –1
c) On a single diagram, sketch the graphs of y = f(x) and y = f –1 (x), clearly labelling the diagram.

[a) ln 3  b) f –1 : x (  eq \f(ex + 3,2) ,  x ( ( ]

Solution

Summary (Functions)

Definitions

A function f : X ( Y is a rule which associates with each element x ( X a unique element y(Y such that y = f(x).  The element f(x) in Y is called the image of x under f.  

X is called the domain of f and is denoted by Df.  

Y is called the codomain of f.  

The range of f is {y ( Y : y = f(x), x ( X} and is denoted by Rf. 

A function is also known as a mapping.

A function f : X ( Y is said to be one-one (or injective ) if no two distinct elements of X have the same f-image.  In other words, a function f : X ( Y is one-one if the following condition is satisfied: 

Let x1 , x2 ( X, then f(x1) = f(x2) ( x1 = x2 .

A function is said to be onto (or surjective) if the range of this function is the codomain itself, 

i.e. {f(x) : x ( X} = Y.

The function which maps the image back to its initial value is known as the inverse function, denoted by f –1 .  The inverse f -1 : Y ( X is a function if and only if f is one-one and onto. 

The range of f -1 (x) is the domain of f(x).  

The domain of f -1 (x) is the range of f(x).  

Graphically, f –1 is the graph of f reflected along the line y = x.

The composite function    gof    (or gf) of the functions f : W ( X and g : Y ( Z where Rf ( Y is the function  gof : W ( Z  defined by (gof)(w) = g(f(w))  for all w ( W.

Note: 
a) For gof to be defined (i.e a function), Rf ( Dg.  Similarly, for fog to be defined, Rg ( Df

b) The domain of gof is the domain of f.


c) To find (gof)-1 , we may use the result (gof)-1 = f –1. g –1 .



d) In general, gf ( fg

To find the range of a composite function:

Method 1 – draw the graph of the composite function and get the answer from the graph.

Method 2 ( draw the graphs of the individual functions.
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