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( 1  Introduction

Consider an experiment that has two possible outcomes, one which may be termed ‘success’ and the other ‘failure’.  A binomial situation arises when a fixed number n of independent trials of the experiment are performed.  For example: 


a)  toss a coin 6 times; consider obtaining a head on a single toss as a success, and obtaining a tail as a failure;

b)  throw a die 10 times; consider obtaining a 6 on a single throw as a success, and not obtaining a 6 as a failure.
Example 1.1

A coin is biased so that the probability of obtaining a head is  eq \f(2,3) 
.  The coin is tossed 4 times.

Find the probability of obtaining exactly 2 heads.  [  eq \f(8,27) ]

Solution

Example 1.2

An ordinary die is thrown seven times.  Find the probability of obtaining exactly three 6’s.  [0.078]

Solution
Example 1.3

The probability that a marksman hits a target is p and the probability that he misses is q, where q = 1 - p.   

Write an expression for the probability that, in 10 shots, he hits the target 6 times.  [10C6q4p6]

Solution

( 2  Binomial Distribution

If  P(success) = p and P(failure) = q where q = 1- p, 

and if X is the random variable ‘the number of successful outcomes in n independent trials’, 

then the probability distribution function of X is given by

P(X = x) = nCx qn-x px   
where x = 0, 1, 2, …, n

So, the values P(X = x)  for x = 0, 1, 2, …, n  can be obtained by considering the terms in the binomial expansion of (q + p)n, noting that q + p = 1.

    
(q + p)n = nC0 qn p0 + nC1 qn-1 p1 + … +  nCr qn-r pr + … + nCn q0 pn 
 =  eq \i\su(r=0,n,nCrpr(1 - p)n-r) 
 =  eq \i\su(r=0,n,P(X = r)) 
(
     1      = P(X = 0) +   P(X = 1) + … +  P(X = r) + …  + P(X = n)

If X is distributed in this way, we write

X ~ Bin(n, p) 

where n is the number of independent trials

    and p is the probability of a successful outcome in one trial.

We call n and p the parameters of the distribution.

We say X is binomially distributed with parameters n and p.

Conditions for X to be binomially distributed :

a) There is a fixed number of trials, n.

b) In each trial, the outcome can always be classified as either a “success” or “failure”.

c) The probability of getting a success in each trial is a constant, p.

d) Each trial is independent of the other.

e) X is the random variable the number of successes of a certain event in n trials.

Example 2.1 (TPJC 96/2/7b first part)

In a large batch of clay pots produced, 25% of them have flaws.  If a random sample of 10 pots is inspected for flaws, calculate the probability that the random sample contains at least three pots with flaws, giving your answer to three significant figures.   [0.474]

Solution

Example 2.2

The probability that a person supports Party A is 0.6.  Find the probability that in a randomly selected sample of 8 voters there are 

a) exactly 3 who support Party A, 


b) more than 5 who support Party A. 
[ 0.214, 0.315]

Solution

Example 2.3

A box contains a large number of red and yellow tulip bulbs in the ratio 1:3.  Bulbs are picked at random from the box.  How many bulbs must be picked so that the probability that there is at least one red tulip bulb among them is greater than 0.95?  [11]

Solution

( 3  Expectation and Variance

If the random variable X is such that
X ~ Bin(n,p), 

then
 E(X)     = np

and
 Var(X)  = npq
 
where q = 1 - p.

Example 3.1

If the probability that it is a fine day is 0.4, find the expected number of fine days in a week, and the standard deviation.  [ 2.8 days, 1.30 days]

Solution

Example 3.2

The random variable X is such that X ~ Bin(n,p) and E(X) = 2, Var(X) =  eq \f(24,13) . 

Find the values of n and p, and P(X=2).  
[26,  eq \f(1,13) , 0.282]

Solution

Example 3.3

In a group of people the expected number who wear glasses is 2 and the variance is 1.6.  Find the probability that

a)   a person chosen at random from the group wears glasses, 

b)   six people in the group wear glasses.  
[0.2, 0.00551]

Solution

Example 3.4

If the random variable X is such that X ~ Bin(10,p),  where p <  eq \f(1,2)  and Var(X) =  eq \f(15,8) , find

a) p

b) E(X)

c) P(X ( 2).

[  eq \f(1,4) , 2.5, 0.9249]

Solution

Example 3.5

Find the probability that in a family of four children, there will be 

a) at least one boy

b) at least one girl and one boy

Out of 2,000 families with four children, how many would you expect to have

c) at least one boy

d) one or two girls

e) no girls

[ eq \f(15,16) ,  eq \f(7,8) , 1875, 1250, 125]

Solution

( 4  The Recurrence Formula 
If X ~ Bin(n,p) then P(X = x) = nCx qn-x px  =  eq \f(n!,(n - x)!x!)  qn-x px     

and 
        P(X = x + 1) = nCx+1 qn-(x+1) px+1  =  eq \f(n!,[n - (x + 1)]!(x + 1)!)  qn-x-1 px+1
Dividing these, we have 

                          EQ \F(P(X = x + 1),P(X = x)) =  eq \f(n!,(n - x - 1)!(x + 1)!) .  eq \f((n - x)!x!,n!) .  eq \f(qn-x-1, qn-x)  .   eq \f(px+1,px )    




    =  eq \f((n - x)p,(x + 1)q)
So, 
      P(X = x + 1)     =  eq \f((n - x)p,(x + 1)q) P(X = x)



This is the recurrence formula for binomial distributions.

When it is very tedious to work through finding P(X = x) for all x, the recurrence formula is used.

Example 4.1

If X ~ Bin(8,0.3) use the recurrence formula to calculate P(X ( 4).  [ 0.942]

Solution

Example 4.2

1) A pottery produces royal souvenir mugs.  It is known that 6% are defective.  If 20 mugs are selected at random, 

find the probability that the sample contains less than 5 defective mugs.  [ 0.994]

Solution

( 5  The Most Probable Value of X
The value of X that is most likely to occur is the one with the highest probability.  

There are 3 possible methods:
2) By observation – 

When E(X) = k, where k is an integer value, then the most probable values of X are k - 1 and k.

2) When E(X) = k, where k is a decimal, then the most probable value of X is [ k ], the integer value just less than the decimal number of k. (‘round down’)

3) For example, when ( = 4.7, then the value of X that is most likely to occur is 4.

4) But this method is not foolproof.  It just serves as a guide to the correct value(s).

5) By testing the mean – 

To find the most probable value of X, take the expectation of X and test the probabilities of X around that value.

This is possible because the mode is always somewhere around the mean for a binomial distribution.

6) By using the recurrence formula

Example 5.1

In Singapore, 80% of junior college students are known to be shortsighted.  If 12 students are in a class, 

what is the most likely number of shortsighted students in that class?  [10]

Solution

Example 5.2 (Crawshaw and Chambers p207 Q4)

a) The random variable X is distributed binomially with mean 2 and variance 1.6.  Find most likely value of X. [2]

Solutions

( 6   Finding a theoretical distribution

This is a method of generating a probability distribution table from a sample of trials.

Example 6.1

A biased coin is tossed 4 times and the number of heads noted.  The experiment is performed 500 times in all.  The results obtained are shown in the table.

Number of heads
0
1
2
3
4

Frequency
12
50
151
200
87

a)  Find the probability of obtaining a head when the coin is tossed.

b)  Calculate the theoretical frequencies of 0, 1, 2, 3, 4 heads, using the associated theoretical binomial distribution.  [a) 0.65  b) Frequency: 7.5, 55.7, 155.3, 192.2, 89.3 ]

Solution

( 7  Miscellaneous Examples

Example 7.1 (Crawshaw and Chambers p213 Q8 modified)

When two friends A and B play chess, the probability that A wins any game is  eq \f(2,5) , and if A does not win the game, the probability then of B winning and of a draw are equal.  In the course of an evening, they play four games.

Find the probability 

a) that A does not win a game

b) that he wins more than two games.

c)    that A wins more games than B. 

[0.130, 0.179, 0.482]

Solution

Example 7.2

Samples, each of 8 articles, are taken at random from a large consignment in which 20% of the articles are defective.  Find the probability that a sample will contain

a) 3 or more defective articles and

b) exactly 1 defective article.

If 10 samples of 8 articles are to be examined, calculate

c) the number of samples in which you would expect to find 3 or more defective articles

d) the probability that at least one sample will contain exactly 1 defective article.  

[0.203, 0.336, 2.03, 0.983]

Solution

SUMMARY

Conditions for X to be binomially distributed :

f) There is a fixed number of trials, n.

g) In each trial, the outcome can always be classified as either a “success” or “failure”.

h) The probability of getting a success in each trial is a constant, p.

i) Each trial is independent of the other.

j) X is the random variable the number of successes of a certain event in n trials.

Notation:  


X ~ Bin(n, p)

Probability distribution function:  
P(X = x)    = nCx qn-x px   

where x = 0, 1, 2, …, n

Expectation: 


E(X) 
    = np 

Variance:


Var(X) 
    = npq  

where q = 1 - p

Recurrence formula:

P(X=x+1)  =  eq \f((n-x)p,(x+1)q) P(X=x)

The value of X that is most likely to occur is the one with the highest probability.  

There are 3 possible methods:
1. By observation – 

When E(X) = k, where k is an integer, then the most probable values of X are k - 1 and k.

When E(X) = k, where k is a decimal, then the most probable value of X is [ k ], the integer value just less than the decimal number of k. (‘round down’)

For example, when ( = 4.7, then the value of X that is most likely to occur is 4.

But this method is not foolproof.  It just serves as a guide to the correct value(s).

2. By testing the mean – 

To find the most likely value of X, take the expectation of X and test the probabilities of X around that value.

This is possible because the mode is always somewhere around the mean for a binomial distribution.

3. By using the recurrence formula


A Simple Problem

A commuter is in the habit of arriving at Toa Payoh MRT station each evening exactly at five o’clock.  His wife always meets the train and drives him home.  One day, he takes an earlier train, arriving at the station at four o’clock.  The weather is pleasant, so instead of telephoning home, he starts walking along the route always taken by his wife.  They meet somewhere on the way.  He gets into the car and they drive home, arriving at their house ten minutes earlier than usual.  Assuming that the wife always drive at a constant speed and she takes the same route to and fro, and that on this occasion she left just in time to meet the 5 o’clock train, can you determine how long the husband walked before he was picked up?  (Hint: Think simply and use only primary school maths.)

Puzzle taken from lectures by Prof Tan Eng Chye, NUS Maths Dept

