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SAMPLING DISTRIBUTION

Contents

1
Introduction

2
Sampling Theory

3
The Mean and Variance of a Sample

4
The Sample Mean, 
[image: image1.wmf]X


5
The Distribution of the Sample Mean, 
[image: image2.wmf]X

 

5.1  Sample Mean from a Normal Population

5.2  Sample Mean from Any Population - The Central Limit Theorem

6
Distribution of Sample Proportion

7
Miscellaneous Examples

( 1  Introduction
In many practical statistical investigation we are concerned with drawing valid conclusions about a large group of individuals or objects (known as ‘population’).  However, in many cases, it is not possible to obtain information about all members of a population for the following reasons:

· The collecting of the information may destroy the population, eg. testing fire-crackers.

· The population may be infinite or very large.

· The collection of information on all members in the population may be too costly or too time consuming.

So, instead of examining the whole population one may arrive at the idea of examining only a small part of the population (called the sample) and we try to draw valid conclusions about the population based on the results found in the sample.  This process known as ‘statistical inference’.  The process of obtaining samples is called sampling. 

Points to consider:

· How should the sample be selected i.e., what sampling methods to use?  To ensure that the sample will give a true representation of the population, one way is to restrict to using ‘random sampling’ because random sampling generally leads to estimates which are unbiased and the mathematical theory concerning estimates obtained by random sampling is well developed.

· How many measurements to take in the sample, i.e. what sample size n to use?  This is linked to the idea of ‘interval estimation’.

( 2  Sampling Theory

Sampling theory is a study of relationship existing between a population and samples drawn from the population.  We may use sampling theory to estimate unknown population parameters (i.e. quantities such as population mean, population variance, . . . .etc.)  from a knowledge of corresponding sample parameters.  We may also use it to determine whether observed differences between two samples are actually due to a chance variation or whether they are really significant.

In order for a sample to be representative of the whole population, each member of the population must have an equal chance of being chosen.  A sample chosen in this way is called a random sample.
Some common sampling methods


1)  Random Sampling

Random sampling is done with the help of a table of random numbers normally compiled electronically

2) Periodic Sampling

This is a method of sampling where every nth number of the population is chosen.  This is quicker and easier than random sampling.  It is suitable for, say, selecting names from a class register. 

3) Stratified random sampling

This method involves dividing the population into strata.  A random sample is then selected from each stratum.  An example will be of the Singapore population census where the population is divided into income groups, races, or ages and then samples are taken from each group.

( 3  The Mean and Variance of a Sample
Under normal distribution, mean = ( and variance = (2.  These are also called the population mean and population variance.  In the case of sampling, sample mean =  eq \a\ac(_,x)  and sample variance = s2.

Formula : 
  eq \a\ac(_,x)  =   eq \f(( xi,n) 
or
 a +  eq \f(\i\su(,,(xi -a)),n) , where a is an arbitary constant.

s2 =  eq \f(\i\su(,,(xi -a))\s\up(2),n)  -   eq \b(\f(\i\su(,,(xi -a)),n))\s\up12(2)    or
       eq \f(( xi\s\up(2),n) -  eq \b(\f(( xi,n))\s\up12(2)  =  eq \f(( xi\s\up(2),n)  -  eq \a\ac(_,x) 2
or       eq \f(( (xi - \a\ac(_,x))2,n) .

Note that n refers to the size of the sample, not the number of samples.

Example 3.1

Find the mean and variance of the following 10 numbers: 63, 65, 67, 68, 69, 70, 71, 72, 74, 75. [69.4, 13.04]

Solution
Example 3.2 (AJC 00/2/10 modified part)

Zack cycles to school everyday.  His travelling time, x (in minutes), was recorded for 50 days and it was found that ( x = 916 and ( x2 = 16980.  Find the sample mean and sample variance.  [18.3, 4.00]

Solution

( 4  The Sample Mean,  eq \a\ac(_,X,) 
If X1, X2,  - - -, Xn is a random sample of n independent observations of X from any infinite population 

(or finite population if sampling is with replacement), which has mean ( and variance (2, 

then the sample mean   eq \a\ac(_,X,) =  eq \f(( Xi,n)  = eq \f(X1+ X2 + ... + Xn,n)  
is such that E( eq \a\ac(_,X,) ) = E(X) = ( and  Var ( eq \a\ac(_,X,) ) =  eq \f(Var(X),n)  =  eq \f((2,n)  .

Proof:

Example 4.1

The discrete random variable X has probability distribution P(X = x) where P(X = 0) = 0.5, P(X = 1) = 0.3, P(X = 2) = 0.2.  The mean ( is 0.7 and variance (2 is 0.61. Random samples of size 2 are taken from the distribution.  By considering all possible samples, find the probability distribution of the mean  eq \a\ac(_,x,)  of such samples.  Verify that E( eq \a\ac(_,X,) ) = ( and Var( eq \a\ac(_,X,) )  =  eq \f((2,2) .

Solution
Samples, 

(X1, X2)
(0,0)
(0,1)
(0,2)
(1,0)
(1,1)
(1,2)
(2,0)
(2,1)
(2,2)

Mean

 eq \a\ac(__,X) =  eq \f(X1 + X2,2) 










( 5  The Distribution of the Sample Mean, 
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( 5.1  Sample Mean from a Normal Population 
If X1, X2, - - - Xn is a random sample of size n of X taken from a normal distribution with mean ( and variance (2, such that Xi ~ N((, (2), then the distribution of  eq \a\ac(_,X,)  is also normal 

and
  eq \a\ac(_,X,)  ~ N( ( , eq \f((2,n) )   

where           eq \a\ac(_,X,) =  eq \f(X1+ X2 + ... + Xn,n)  .

Example 5.1

If X ~ N(200,80) and a random sample of size 5 is taken from this distribution, find the probability that the sample mean is greater than 207.  [0.0401]

Solution

Example 5.2

The heights of a particular species of plant follow a normal distribution with mean 21 cm and standard deviation (90 cm.  A random sample of 10 plants is taken and the mean height calculated.  

Find the probability that this sample mean lies between 18 cm and 27 cm. 
[0.8185]

Solution
Example 5.3

A large number of random samples of size n are taken from the distribution of X ~ N(74, 36) and the sample means are calculated.  If  P( eq \a\ac(_,X,) > 72) = 0.854, estimate the value of n.  [10.0]

Solution

Example 5.4

The random variable X is such that X ~ N((, 4).  A random sample, size n, is taken from the population. 

Find the least n such that P(| eq \a\ac(_,X,)  ( (| < 0.5) > 0.95.  [62]

Solution
( 5.2  Sample Mean from Any Population - The Central Limit Theorem
If X1, X2, - - - Xn is a random sample of n independent observations of X where X may follow any distribution (i.e X is not neccessarily a normal distribution) with mean ( and variance (2 .

Then by the Cental Limit Theroem, for large sample size n (i.e. n ( 30), the distribution of the sample mean   eq \a\ac(_,X,)  =  eq \f(1,n) [X1 + X2 + X3 + . . .  + Xn]  is approximately normal  and  eq \a\ac(_,X,)  ~ N( (,  eq \f((2,n) ) .

Also, the distribution of the sum of the random variables Y = X1 + X2 + X3 + . . .  + Xn is approximately normal and Y ~ N (n(, n(2 )

Note:

a) The approximation gets better as sample size n gets larger.

b) X can be a discrete or a continuous random variable, whereas  eq \a\ac(_,X,) is a normal random variable.

Example 5.5 (Crawshaw and Chambers)

If a random sample of size 30 is taken from each of the following distributions, 

find, for each case, the probability that the sample mean exceeds 5.

a) X ( Po(4.5)



b) X ( Bin(9, 0.5)

c) X ( R(3,6)   

[0.0983, 0.0340, 0.000783]

Solution
Example 5.6 (Crawshaw and Chambers)

If a large number of samples of size n are taken from Po(2.5) and approximately 5% of the sample means are less than 2.025, estimate n.  [30]

Solution

Example 5.7 (HCJC 00/2/6b modified)

The probability density function of Y is f(y) =  eq \a\ac((,(,() 

 eq \a\ac(\f(3,4) (1 - y2)    -1 ( y ( 1,    0              otherwise) .

The random variable M is the sum of 100 independent observations of Y.  Find P(M > 0.8).  [0.4289]

Solution

( 6  Distribution of Sample Proportion

If X is a random variable such that X ( Bin(n, p). 

Then, for large sample size n (such that np > 5, nq > 5),        X ( N(np, npq) approximately, where q=1 - p.

Now, if Ps is the random variable “the proportion of successes in a random sample of size n”, then Ps =  eq \f(X,n) .

So       E(Ps) = E( eq \f(X,n) )      =  eq \f(1,n) E(X)          =  eq \f(1,n) (np)     =  p

and Var (Ps) = Var ( eq \f(X,n) ) = ( eq \f(1,n) )2 Var (X) =  eq \f(1,n) 2 (npq) =  eq \f(pq,n) 
So,    Ps ( N(p,  eq \f(pq,n) )

Note  :

a) The larger the sample size n, the better the approximation.

b)    When considering the normal approximation to the binomial distribution, a continuity correction of  (  eq \f(1,2)  is used.  Now, since Ps =  eq \f(X,n) , we use a continuity correction of (  eq \f(1,2n) .  Sometimes, sample size n is so large such that (  eq \f(1,2n) is very small and hence continuity correction can be ignored.
Example 6.1

It is known that 3% of frozen pies arriving at a freezer centre are broken.  What is the probability that, on a morning when 500 pies arrive,  a) 5% or more will be broken,

b) 3% or less will be broken? 

[0.00639, 0.5521] 

Solution

Example 6.2

Three quarters of the house owners in a particular area own a colour television set.  Find the probability that at least 73 of a random sample of 100 houseowners in the area own a colour television set.  [0.7181]

Solution
( 7  Miscellaneous Examples

Example 7.1
A student’s performance is equally good in two subjects.  The marks he might be expected to score in each subject may be treated as independent observations drawn from a normal distribution with mean 45 and standard deviation 5.  Two procedures might be used to decide whether to give the student an overall pass.  One is to demand that he pass separately in each subject, the pass mark being 40; the other is to require that his mean mark in the two subjects exceeds 40.  Find the probability that the student will obtain an overall pass by each of  these procedures.   [0.7078, 0.9213]

Solution
Example 7.2  (ACJC 96/2/9b)

In a certain country, the men have masses which are normally distributed with mean 70 kg and a standard deviation 8 kg. Three men are chosen at random from this country.  Find the probability that

a) none of them will have a mass greater than 66 kg

b) their mean mass will be greater than 72 kg.

[0.0294, 0.333]

Solution

Example 7.3  (NYJC 96/2/7c modified)

The working lives of a particular brand of electric light bulb are distributed with mean 1200 hours and standard deviation 200 hours.  Find the probability that the mean life of a sample of 64 bulbs exceed

1150 hours.  [0.9772]

Solution

Example 7.4 (HCJC 00/2/7 modified last part)

a) Assume that the diameters of ping-pong balls manufactured by a large factory are normally distributed with mean 4.30 cm and standard deviation 0.04 cm.

b) If many random samples of 16 ping-pong balls are selected, what proportion of the sample means would be between 4.28 cm and 4.30 cm?

c) Which is more likely to occur, a sample mean above 4.32 cm in a sample of size 4, or a sample mean aove 4.31 cm in a smaple of size 16?  Explain.
[47.72%, the same likelihood]

Solution

SUMMARY

Formula : 
  eq \a\ac(_,x)  =   eq \f(( xi,n) 
or
 a +  eq \f(\i\su(,,(xi -a)),n) , where a is an arbitary constant.

s2 =  eq \f(\i\su(,,(xi -a))\s\up(2),n)  -   eq \b(\f(\i\su(,,(xi -a)),n))\s\up12(2)    or
       eq \f(( xi\s\up(2),n) -  eq \b(\f(( xi,n))\s\up12(2)  =  eq \f(( xi\s\up(2),n)  -  eq \a\ac(_,x) 2
or       eq \f(( (xi - \a\ac(_,x))2,n) .

The sample mean   eq \a\ac(_,X,)  =  eq \f(( Xi,n)  =eq \f(X1+ X2 + ... + Xn,n)   is such that E( eq \a\ac(_,X,) ) = E(X) = ( and  Var ( eq \a\ac(_,X,) ) =  eq \f(Var(X),n)  = eq \f((2,n) 
If X1, X2, - - - Xn is a random sample of size n of X such that Xi ~ N((, (2), 

then the distribution of  eq \a\ac(_,X,)  is also normal and  eq \a\ac(_,X,)  ~ N( (, eq \f((2,n) ) where           eq \a\ac(_,X,) =  eq \f(( Xi,n)  = eq \f(X1+ X2 + ... + Xn,n)  .

If X1, X2, - - - Xn is a random sample of n independent observations of X where X may follow any distribution (i.e X is not neccessarily a normal distribution) with mean ( and variance (2 , 

then for large n (i.e. n ( 30), the distribution of the sample mean   eq \a\ac(_,X,)  =  eq \f(1,n) [X1 + X2 + X3 + . . .  + Xn]

is approximately normal  and  eq \a\ac(_,X,)  ~ N( (, eq \f((2,n) ) .

Also, the distribution of the sum of the random variables Y = X1 + X2 + X3 + . . .  + Xn is approximately normal and Y ~ N (n(, n(2 )

If Ps is the random variable “the proportion of successes in a random sample of size n”, then Ps =  eq \f(X,n) 
So,    Ps ( N(p,  eq \f(pq,n) ),  Use continuity correction of (  eq \f(1,2n)  when applying this approximation.


A Telephone Cableman Problem

Two poles, with heights a and b, are a distance d apart (along level ground).  A wire stretches from the top of each of them to some point P on the ground between them.  Where should P be located to minimise the total length of the wire?

Puzzle taken from lectures by Assoc Prof Tan Eng Chye, NUS Maths Dept
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