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( 0  Aim

The aim of this topic is to learn how to sketch graphs by recognizing standard equations instead of plotting.

( 1  Standard Curves

( 1.1  Straight Lines
Consider the graph shown.  P = (x1, y1) and Q = (x2, y2)

        y

Length of PQ =  eq \r((x2 - x1)2 + (y2 - y1)2 ) 






 Q (x2,y2)

Gradient of PQ, m =  eq \f(y1 - y2,x1 - x2) = tan (   

Hence equation of a straight line can be expressed as:




(


1. y = mx + c
where m is the gradient and c the y-intercept

2. y – y1 = m(x – x1)






P (x1,y1)

3.  eq \f(x,a) +  eq \f(y,b) = 1
where a is the x-intercept, b the y-intercept

       0



x

4.  eq \f(y - y1,x - x1) =  eq \f(y1 - y2,x1 - x2) 
5. ax + by + c = 0

( 1.2  The Circle

By definition, a circle is the set of points P which are at a constant distance r from a fixed point C.  

If C = (p,q) is the centre of a circle and P = (x,y) is any general point on the circumference, 

then    CP = r 
(  eq \r((x - p)2 + (y - q)2) = r. 


     
(   (x – p)2 + (y – q)2 = r2.

This is the general equation of a circle of  radius r and centre (p,q). 

   y

 





    




    P (x,y)

Conversely, an equation of the form x2 + y2 + 2gx + 2fy + c = 0 where c, f, g are
           r


constants, can be arranged as follows: 

x2 + 2gx         + y2 + 2fy        =            –c

 


       C (p,q)

x2 + 2gx + g2 + y2 + 2fy + f2 = g2 + f2 –c

         ( 
 (x + g)2  + (y + f)2 = ( eq \r(g2 + f2 - c) )2 

     

Thus, upon comparing, we see that it describes a circle with centre (-g, -f) and



  x

of radius  eq \r(g2 + f2 - c) , provided g2 + f2 > c.

Thus, x2 + y2 = r2 is the equation of a circle centred at the origin (0, 0) since g = 0 and f = 0.

Example 1.1

a) Write down the equation of the circle with centre (1, 2) and radius 3. [(x – 1)2 + (y – 2)2 = 32 ]

b) Find the centre and radius of the circle x2 + y2 – 6x + 4y + 4 = 0.  [(3, ( 2), 3 ]

c) Find the centre and radius of the circle 2x2 + 2y2 – x + 4y – 1 = 0.  [(  eq \f(1,4) , (1),  eq \f(5,4)  ]

Solution

Example 1.2
Write down the equation of the circle with

a) centre (1, 2), radius 5

b) centre (-3, -7), radius 2

c) centre (4, -3), radius 5

and sketch each of these circles.

Solution

( 1.3  The Ellipse
The general standard equation of an ellipse is given by  eq \f(x2,a2) +  eq \f(y2,b2) = 1.

       

The ellipse is symmetrical about both the x and y axis.  



    B (0,b)

The line AA’ is called the major axis and is of length 2a.  

The line BB’ is known as the minor axis and is of length 2b.  







The mid-point of AA’ (or BB’ ) is called the centre of the ellipse.      A’ (-a,0)


         A (a,0)

In this case, the centre is the origin.  If the centre of the ellipse is at (p, q), 

then the equation becomes   eq \f((x - p)2,a2) +  eq \f((y - q)2,b2) = 1.




    B’ (0, -b)


When a = b ,  eq \f(x 2,a2) +   eq \f(y2,b2) = 1 ( x2 + y2 = a2 which is a circle with centre (0, 0) and radius a.

Example 1.3
Sketch the graph of (x – 2)2 + 4y2 = 1.

Solution

( 1.4  The Hyperbola

There are two forms:

 eq \f(x 2,a2)   -    eq \f(y2,b2) = 1




        eq \f(y 2,a2)  -   eq \f(x2,b2) = 1



      y






 y









A (0,a)



       (-a, 0) A’

 A (a, 0)





       x






   x










A’(0,-a)

The line AA’ is called the major axis.  

The points A and A’ are the vertices.  

The mid-point of AA’ is the centre.  

Similarly, an equation of the form   eq \f((x - p)2,a2) -  eq \f((y - q)2,b2) = 1 is a hyperbola with centre at (p, q). 

If a = b, the hyperbola is known as the rectangular hyperbola.

( 2  The Curves y = kx n 

( 2.1  Case 1: n is a positive even integer
If n is a positive even integer, then kx n = k ( -x) n for all x ( (, k ( ( \ {0},  that is, y = kx n is an even function and is symmetrical about the y-axis.  Examples of such curves are y = x2, y = 2x4 , y =  eq \f(1,2) x6 .

If k > 0, graph of y = kxn is:



If k < 0, graph of y = kxn is:




 y





           y



y = kxn, k > 0,

      n even Z+  





   x

x





          y = kxn , k < 0,


n even Z+
Example 2.1

Sketch on the same diagram graphs of y = x2 and y = x4.

Solution

Example 2.2

Sketch on the same diagrams, graphs of y = - 2x2 and y = - x2 .

Solution

( 2.2  Case 2: n is a positive odd integer

If n is a positive odd integer, then - kx n = k (-x) n for all x ( (, k ( (,  that is, y = kx n is an odd function and is symmetrical about the origin.  Examples of such curves are y = x3, y = 2x5 , y =  eq \f(1,2) x7 .

If k > 0, graph of y = kxn is:



If k < 0, graph of y = kxn is:

y






y


y = kxn , k > 0, n odd Z+ 

x






 x

y = kxn, k<0, 

       n odd Z+ 

Example 2.3

Sketch on the same diagram graphs of y = x3 and y = x5.

Solution

Example 2.4

Sketch on the same diagram graphs of y = -  eq \f(1,2) x3 and y = ( x5.

Solution

( 2.3  Case 3: n =  eq \f(1,p)  where p is a positive even integer

Note that x 1/p  =  eq \r(p,x) .  In writing   eq \r(p,x) , we refer to + eq \r(p,x)  and not  (  eq \r(p,x)  for even integer p.

There is no value for  x 1/p  when x < 0.   Examples of such curves are y = x1/2, y = 2x1/4 , y =  eq \f(1,2) x1/6 .

If k > 0, graph of y = kx1/p  is:



If k < 0, graph of y = kx1/p is:

y

          y

  y = kx 1/p , k > 0,
     0



     x

p even Z+ .

0



     x





 y = kx 1/p , k < 0,












       p even Z+ .


Note: 
a)    If x1/p  = 1, then x = 1

b) If p, q are positive even integers, p > q, then x 1/p ( x1/q  for 0 ( x ( 1  

and x 1/p < x1/q  for x > 1.

c) Graph of y2 = x is as follows:

y






     y

  y =  eq \r(,x) 


y2 = x

x

x

y

x

y = (  eq \r(,x) 
Example 2.5

Sketch on the same diagram, graphs of y = x1/2 and y = x1/4.

Solution

( 2.4  Case 4: n =  eq \f(1,p)  where p is a positive odd integer
When n =  eq \f(1,p)  where p is a positive odd integer, then k(-x) 1/p = - k (x)1/p  i.e. y = k(x)1/p is an odd function. Examples of such curves are y = x1/3, y = 2x1/5 , y =  eq \f(1,2) x1/7 .

If k > 0, graph of y = kx1/p  is:



If k < 0, graph of y = kx1/p is:


y






          y

y = kx1/p , k > 0,

p odd Z+.

0


     x



            0

        x


y = kx1/p , k < 0,

p odd Z+.

Example 2.6

Sketch on the same diagram graphs of y = x1/3 and y = x1/5.

Solution

( 2.5  Case 5: n is a negative even integer

If n is a negative even integer, then y = kxn = kx -( n ( =  eq \f(k,x( n () .  Observe that k (-x)n = kxn for all x ( ( \ {0},

that is, y = kxn is an even function and is symmetrical about the y-axis.  

Also, y = kxn is not defined for x = 0 if n is negative.   

Examples of such curves are y = x- 2 , y = 2x - 4 , y =  eq \f(1,2) x - 6 .

If k > 0, graph of y = kxn is:



If k < 0, graph of y = kxn is:


y







    y


x

y = kxn , k > 0, n even Z - . 



y = kxn , k < 0,.









n even  Z -
x 

Note:  If m and n are negative even integers such that m < n < 0, then 

a) xn = 1 ( x = ( 1 

b) xm   ( xn for  – 1 ( x ( 1, x ( 0

c) xm  < xn for     x < - 1 or x > 1 

Example 2.7

Sketch on the same diagram graphs of y = x - 2 and y = x – 4 .

Solution

( 2.6  Case 6: n is a negative odd integer

If n is a negative odd integer, then y = kxn = kx -( n ( =  eq \f(k,x( n () .  Observe that k (-x)n = - kxn for all x ( ( \ {0}, that is, y = kxn is an odd function.  Also, y = kxn is not defined for x = 0 if n is negative.  

Examples of such curves are y = x- 3, y = 2x - 5 , y =  eq \f(1,2) x - 7 .

If k > 0, graph of y = kxn is:



If k < 0, graph of y = kxn is:

y







y


y = kxn , k > 0, n odd Z - . 

x






  x


y = kxn , k < 0, n odd Z - .

Note:  If m and n are negative odd integers such that m < n < 0, then 

a) xn = 1 ( x =  1  and xn = -1 ( x = - 1

b) (xm (  ( (xn(  for  – 1 ( x ( 1, x ( 0

c) (xm ( < (xn ( for     x < - 1 or x > 1 

Example 2.8

Sketch on the same diagram, graphs of y = x - 3 and y = x – 5.

Solution

( 3  Miscellaneous Examples

Example 3.1 ( RJC 98/1/1)

On separate diagrams, sketch the following graphs 

a) 9x2 + 4y2 = 16

b) y = x 2/3 for the region x ( 0.

Solution

Example 3.2 (TJC 98/1/18 part)

Sketch   x2 + y2 = 4  and y2 = 3x  and find their points of intersection.
[( 1, (3) , ( 1 , ((3) ]

Solution

Example 3.3 (ACJC 00/1/13b part)

Shade the region satisfying the inequalities    y ( 2x2    and   x2 +  eq \f(y2,9)  ( 1

Solution

Summary (Plane Cartesian)

Equation of a straight line can be expressed as:


1. y = mx + c
where m is the gradient and c the y-intercept

2. y – y1 = m(x – x1)

3.  eq \f(x,a) +  eq \f(y,b) = 1
where a is the x-intercept, b the y-intercept

4.  eq \f(y - y1,x - x1) =  eq \f(y1 - y2,x1 - x2) 
5. ax + by + c = 0

General equation of a circle of  radius r and centre (p,q) is (x – p)2 + (y – q)2 = r2 

General standard equation of an ellipse is given by  eq \f(x2,a2) +  eq \f(y2,b2) = 1.

If the centre of the ellipse is at (p, q), then the equation becomes   eq \f((x - p)2,a2) +  eq \f((y - q)2,b2) = 1.

General equation of a hyperbola : There are two forms:  eq \f(x 2,a2)   -    eq \f(y2,b2) = 1

   eq \f(y 2,a2)  -   eq \f(x2,b2) = 1

An equation of the form   eq \f((x - p)2,a2) -  eq \f((y - q)2,b2) = 1 is a hyperbola with centre at (p, q).

Standard Graphs
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y = kxn, k > 0,

      n even Z+  
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              y = kxn , k < 0,


n even Z+
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y = kxn , k > 0, n odd Z+ 
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 x

y = kxn, k<0, 

       n odd Z+ 
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y = kx 1/p , k > 0,
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p even Z+ .

0
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 y = kx 1/p , k < 0,












       p even Z+ .
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y = kx1/p , k > 0,

p odd Z+.
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y = kx1/p , k < 0,

p odd Z+.
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y = kxn , k > 0, n even Z - . 



y = kxn , k < 0,.









n even  Z -
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y = kxn , k > 0, n odd Z - . 
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y = kxn , k < 0, n odd Z - .
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