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( 0  Linear Transformation

Let y = f(x) be a given relation between x and y, and a is a positive constant.

( 1  Translation:  y = f(x) + a and y = f(x) – a, a > 0

Example 1.1

Sketch the following graphs in the same diagram:  y = x,   y = x + 1,   y = x + 2.

What is the difference between the graphs?

Predict the position of the graph of y = x – 1 without sketching.

Solution

In general, the graph of  y = f(x) + a  is obtained by shifting graph of y = f(x) vertically up by a units,  preserving the original shape and size of y = f(x).  This happens because to every y-coordinate of y = f(x) is added a units and the x-coordinate is unchanged.  

Similarly, the graph of y = f(x) – a is obtained by shifting graph of y = f(x) vertically down by a units.

Example 1.2

Sketch on the same diagram, the graphs of   y = x2 + 1,  y = x2, and   y = x2 – 1.

Solution 

Example 1.3

Sketch the graphs of 

a) y = sin x  + 1 from y = sin x ,   ( ( ( x ( 2(
b) y = x + 3 from y = x + 4

Solution

( 2  Translation:  y = f(x + a) and y = f(x - a), a > 0

Example 2.1

Sketch the graphs of y = x2, y = (x + 1)2, y = (x + 2)2 in the same x-y axes.  You may plot the graphs. 

What is the difference between the graphs?

Can you predict the shape and position of the graph  y = (x – 1)2 using the above result?

Solution

In general, the graph of  y = f(x + a)  is obtained by shifting the graph of y = f(x) horizontally to the left by a units,  preserving the original shape and size of y = f(x).  This happens because a units is added to every x-coordinate of y = f(x) and the y-coordinate is unchanged.  

Similarly, the graph of y = f(x – a) is obtained by shifting graph of y = f(x) horizontally to the right by a units.

Example 2.2

Sketch the graphs of    

a) y = sin(x (  eq \f((,2) ) from y = sin x   for  ( ( ( x ( 2( 

b) y = (x + 1)3  from y = x3
Solution

y


Example 2.3  (TJC 98/1/6 modified)





B (1,2)

The diagram shows the graph of y = f(x).  The curve passes through

the origin, and has a maximum point of (1,2).  Sketch y = f(x + 2),



y = f(x)

showing the x-intercept, asymptote and turning point.


           A














   x

Solution

( 3  Scaling: y = af(x), a > 0

The graph of  y = af(x) is obtained by scaling (stretching or squeezing) parallel to the y-axis the graph of       y = f(x) by a factor of a units.  This happens because every y-coordinate of y = f(x) is multiplied by a units and the x-coordinate is unchanged.

Example 3.1

Sketch the graphs of  

a) y = 2sin x       from y = sin x     for   ( ( ( x ( 2(
b) y =  eq \f(1,2) x3          from y = x3
Solution

y

Example 3.2 (SAJC 98/1/6i  modified)

The diagram shows the graph of y = f(x).  The points A, B and C 


B(0,3)

have coordinates ((2, 0), (0, 3) and (1, 0) respectively.  The line y = (2

is the horizontal asymptote.  Sketch the graph of y = 2f(x – 4), showing 

       C (1,0)


the corresponding coordinates of the points A, B and C, and indicate




    x

clearly the horizontal asymptote.




         A((2,0)












          y = (2

Solution

( 4  Scaling: y = f(ax), a > 0

The graph of  y = f(ax) is obtained by scaling (stretching or squeezing) parallel to the x-axis the graph of            y = f(x) by a factor of   eq \f(1,a)  units.  This happens because every x-coordinate of y = f(x) is multiplied by  eq \f(1,a)  units and the y-coordinate is unchanged.

Example 4.1

Sketch the graphs of

a) y = sin2x    from y = sin x,  ( ( ( x ( (
b) y = sin  eq \f(1,2) x  from y = sin x ,  ( 2( ( x ( 2(
Solution

( 5  Combination of Scaling and Translation

When more than one type of transformation is involved, it does not matter which transformation is performed first as long as it is done correctly.  Clearly, choose the method which is the most efficient.

Example 5.1 (TPJC 98/1/16b)




     y

The graph of y = f(2x) – 1 is shown above.




      A(2,2)

Sketch the graph of a) y = ( 2f(2x)   b) y = f(x)

stating the coordinates of the points A, B, C
    

    C (0,0)

 B(4,0)


and the equations of the asymptotes.  







x

Solution

      y = ( 1

Example 5.2 (RJC 00/1/7)

a) Find the equation of the graph obtained when the graph of y = (1 – x)(1 + x)2 is

b) translated  – 1 unit in the direction of the x-axis.

c) stretched parallel to the x-axis (with the y-axis invariant) with a scale factor of   eq \f(1,2) .

[( x (x + 2)2, ( 1 – 2x)(1 + 2x)2 ]

Solution

Example 5.3  (NJC Prelim 97/1/10)

The curve shown in the diagram has equation y = f(x).

Sketch, on separate diagrams, the graphs of 




2

a) y = f(-2x + 1)

b) y = f((x() + 1 






0  A(2,0) 
  B(7,0)

indicating clearly the asymptote(s) and the points corresponding

to A, B and C.   [
a) A’ (-  eq \f(1,2) , 0),  B’ (-3, 0), C’ (-  eq \f(3,2) , - 2)



C(4, (2)



b) A’ (2, 1),     B’ (7, 1),   C’ (4, -1)  ]

Solution

Example 5.4 (AJC 00/1/10ii)

The diagram shows the graph of y = f(x).

Sketch the graph of y = f(2 ( x), clearly showing the asymptotes,

and the coordinates of the points corresponding to A, B and C.
Solution

( 6  Transformation: y = (f(x)(
The graph of y = (f(x)( is obtained by reflecting the portion(s) of y = f(x) below the x-axis up using the x-axis as the line of reflection and keeping the remaining portions unchanged.  This happens because the y-coordinate of y = (f(x)( is always positive or zero.

Example 6.1

Sketch the graph of y = ((x – 1)(x – 2)(x – 3)(.

Solution

( 7  Transformation: y = f((x()

The graph of y = f((x() is obtained by sketching y = f(x) for x ( 0 and adding a mirror image of this portion using the y-axis as a line of reflection.  This happens because for every y-coordinate there are two associated    x-coordinates, one positive and the other negative.

Example 7.1

Sketch the graph of y = ((x( – 1)((x( – 2)((x( – 3).

Solution

( 8  Transformation: y = - f(x)

The graph of y = - f(x) is obtained by reflecting y = f(x) about the x-axis.  This happens because every 
     y-coordinate is multiplied by – 1 and the x-coordinate is unchanged.

Example 8.1

Sketch the graph of y = - (x – 1)(x – 2)(x – 3).

Solution

( 9  Miscellaneous Examples

Example 9.1

Obtain the graph of y = 5x2 – 20x + 16 from the graph of y = x2 using appropriate transformations.

Solution

Example 9.2

The diagram shows the graph of y = f(x).  The curve crosses the x-axis

at the origin and at the point A= (a, 0).  The minimum point on the curve 

has coordinates (h, k).  Write down in terms of a, h, k as appropriate,
            0
  

       A (a, 0)

a) the coordinates of the minimum point on the graph of y = f(x – a),

b) the coordinates of the points of intersection of the graph of y = f(2x) 

and the x-axis.  [a)  (h + a, k)  b) (0, 0), ( eq \f(1,2) a, 0)



(h, k)

Solution

Example 9.3 (VJC Prelim 97/1/10)

The graph of y = f(x) is shown in the diagram.  It undergoes in 

Succession, the following transformations: 



          P (- 1, 2)

A:  A translation of 3 units in the negative direction of the x-axis.

B:  A scaling parallel to the x-axis by a factor of  eq \f(1,2) . 




0       2

Determine the equation of the resulting graph in the form y = f(ax + b)

where a and b are constants to be found.  Sketch the resulting curve.

[y = f(2x + 3)]

Solution

Example 9.4 (VJC 00/1/3)

The diagram shows y = f( eq \f(1,2) x).






y = f( eq \f(1,2) x)

i) On separate axes, deduce the graphs of  


         (h, 0)

ii) y = f(x)  







0

iii) y – k = f( eq \f(1,2) x). 





  (2h, k)

Solution

Example 9.5

The curve whose equation y = x2 undergoes, in succession, the following transformations:

A:  A translation of magnitude 3 units in the direction of the negative x –axis.

B:  A scaling parallel to the y-axis by a factor of 2.

C:  A translation of magnitude 3 units in the direction of the y-axis.

a)  Give the equation of the resulting curve and sketch this curve. (Your sketch should show at least 3 points)

b) Another curve undergoes, in succession, the same transformations A, B, and C.  The equation of the resulting curve is y =  eq \f(5x + 12, x + 2) .  Determine the equation of the curve before the three transformations were effected.  Sketch the curve y =  eq \f(5x + 12, x + 2) .   [a) y = 2x2 + 12x + 21    b) y =  eq \f(x,x - 1) ]

Solution

Example 9.6  (ACJC Prelim 97/1/6)

The graph of y = f(x) is shown in the diagram.




y

On separate diagrams, sketch the graphs of  



            (-1, 1)

a) y = f(x – 3)

b) y = (f(x – 1)(
c) y = 2 f(x – 1).








         x

Your sketch should show clearly the coordinates of 

-4
     -2               0

the turning points and the intersection with the axes.    
      (-3, -1)


[a) max pt (2,1), min pt (0, -1)    

b) max pts (-2, 1) and (0, 1)     c) max pt (0, 2),  min pt (-2, -2)]

Solution 





       

Example 9.7  (AJC Prelim 97/1/12b)

The diagram shows the graph of y = h(x).  On separate diagrams,

sketch the graphs of

a) y = - 2h(x + 1)





             - 2 
B

b) y = h(( eq \f(1,2) x() – 1

giving the corresponding coordinates of the points A and B on 

your diagrams.
[a)  A’ (0,4), B’ (-1, 0)   b) A’ (2, -3),  B’ (0, -1) ]   

A (1, -2)


Solution

SUMMARY (Transformations)

Take y = f(x)   and  constant a > 0

Translations

1.  y = f(x) + a  is obtained by shifting graph of y = f(x) vertically up by a units

2.  y = f(x) – a is obtained by shifting graph of y = f(x) vertically down by a units

3.  y = f(x + a)  is obtained by shifting the graph of y = f(x) horizontally to the left by a units

4.  y = f(x – a) is obtained by shifting graph of y = f(x) horizontally to the right by a units

Scaling

1.  y = af(x) is obtained by scaling (stretching or squeezing) parallel to the y-axis the graph of y = f(x) by a      factor of a units
2.  y = f(ax) is obtained by scaling (stretching or squeezing) parallel to the x-axis the graph of  y = f(x) by a factor of   eq \f(1,a)  units
Others

1.  y = (f(x)( is obtained by reflecting the portion(s) of y = f(x) below the x-axis up using the x-axis as the line of reflection and keeping the remaining portions unchanged.

2.  y = f((x() is obtained by sketching y = f(x) for x ( 0 and adding a mirror image of this portion using the y-axis as a line of reflection

3.  y = - f(x) is obtained by reflecting y = f(x) about the x-axis.
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