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( 1  The Six Trigonometric Functions for an Angle

Consider the Cartesian plane with origin O and a line OP of length r rotating about O.

Let ( (in radians) be the angle through which OP has rotated from the positive x-axis. 

(( is positive if OP rotates in an anti-clockwise direction and negative is OP rotates in a clockwise direction).





  

 sin (
=   eq \f(opp,hyp)  =   eq \f(QP,OP) 






 

cos (
=   eq \f(adj,hyp)  =   eq \f(OQ,OP) 








tan (
=   eq \f(opp,adj)  =   eq \f(QP,OQ)  






      

cosec (
=  eq \f(1,sin ()  =    eq \f(OP,QP) 










sec (
=  EQ \F(1,cos ()  =    eq \f(OP,OQ)  

cotan (
=  eq \f(1,tan ( ) =    eq \f(OQ,QP)  

Note  : 

1.  cos ( and sin (  exist for every  (((
2.  |sin (|  (  1 ,  |cos (|  (  1,  |sec (|  ( 1, |cosec (|  (  1; there is no limit on the values of  tan ( and cot (, 

      i.e. tan ( ( (,  cot ( ( (.

The general angle is an angle of any size either positive or negative.

Note  :

a.  Cartesian axes divide the plane of rotation into 4 quadrants.

b.  The origin is the centre of rotation of any line OP where P = (x, y)

c.  Length of OP = r =  eq \r(,x2 + y2)  where r > 0

d.  All angles are measured from the positive x-axis.

e.  If OP rotates anticlockwise - positive angle.

f.  If OP rotates clockwise       - negative angle.

g.   The angle POQ so formed is always acute regardless of the value of (, and is called the associated acute angle, (.

h.   The associated angle and the signs of the coordinates of P in each quadrant, form the basis for defining the trigonometric ratios of any angle (.

1st  Quadrant

All six ratios are positive and, since ( is acute, their numerical values can be obtained from the calculators.  If OP has rotated through more than one complete revolution, then ( = ( - 360(.

2nd Quadrant

The associated acute angle, ( is 180(- (.  The trigonometric ratios of ( when P is in the 2nd quadrant are defined as follows  :

sin (
=  + sin (
cos (
=  - cos (
tan (
=  - tan (                          where ( = 180(- (  with 90( < ( < 180(
3rd Quadrant

sin (  =  - sin (
cos (  =  - cos (
tan (  =  + tan (                          where ( = ( - 180(   with 180( < ( < 270(
4th  Quadrant

sin (  =  - sin (
cos (  =  + cos (
tan (  =  - tan (                          where ( = 360( - (   with 270( < ( < 360(
These results can be summarized as below  :


Sine Positive
All Positive

  


         Tangent Positvie
Cosine Positive

i)  Negative Angles

sin (-()   =  -  sin (
cos (-()  =  + cos (
tan (-()  =  -  tan ( 

j)  Special Angles  ( 0(, 30(, 45(, 60(,  90()

The trigonometric ratios of  30(, 45( & 60( can be found using the following triangles  :






     300
         2





450 

 


 eq \r(,3) 


 eq \r(,2) 
        1


     600 




450
1



        1



300 or 600 triangle


450 triangle

Table of values of functions of some special angles  :

Degrees
Radians
sin (
cos (
tan (

      0
0
0
1
0

     30
 eq \f((,6) 
 eq \f(1,2) 
 eq \f(\r(,3),2) 
 eq \f(1,\r(,3)) 

     45
 eq \f((,4) 
 eq \f(1,\r(,2)) 
 eq \f(1,\r(,2)) 
1

     60
 eq \f((,3) 
 eq \f(\r(,3),2) 
 eq \f(1,2) 
 eq \r(,3) 

     90
 eq \f((,2) 
1
0
(

   180
(
0
- 1
0

   270
 eq \f(3(,2) 
- 1
0
(

   360
2(
0
1
0

k)   Some Results  :

sin (-()  =  - sin (
cos (-() =    cos (
tan (-()  = -  tan (




sin ( eq \f((,2) - ( )    =  cos (
cos ( eq \f((,2)  - ( )  =  sin (
tan ( eq \f((,2)  - ( )   =  cot (
sin ( eq \f((,2)  + ( )  = cos (
cos ( eq \f((,2)  + ( ) = - sin (
tan ( eq \f((,2)  + ( )  = -cot (

sin ( eq \f(3(,2) ( () = - cos (
cos ( eq \f(3(,2) ( () = ( sin (
tan ( eq \f(3(,2)    () = ( cot (

sin (( - () =    sin (
cos (( - () = - cos (
tan (( - () = -  tan (

sin (( + ()  = - sin (
cos (( + () = - cos (
tan (( + ()  =  tan (
sin (2( ( ( ) = ( sin (
cos (2( ( ( ) = cos (
tan (2( ( ( ) = ( tan (

Example 1.1

If cos x = 0.866 and tan x is negative, find sin x.  [ - 0.5]

Solution
Example 1.2
Given that tan x = 1 and -2( < x < 2(, give four possible values of x.  [  eq \f((,4)  or -  eq \f(7(,4) ,  eq \f(5(,4)  or -  eq \f(3(,4)  ]

Solution
Example 1.3

Given that 1800 < A < 2700 , and cos A = -  eq \f(3,5) , find the values of sin A and tan A without using calculators.

[-  eq \f(4,5) ,  eq \f(4,3) ]

Solution

( 2  The Graphs of Trigonometric Functions

Some Preliminaries

1.  A function is said to be even if f(-x) = f(x) for all values of x.

     The graphs of even functions are therefore symmetrical about the y-axis, e.g.  f(x) = x2.

     A function is said to be odd if f(-x) = - f(x) for all values of x.

     The graphs of odd functions are therefore symmetrical about the origin,  e.g.  f(x) = x3.

2.  The graph of a continuous function is “unbroken” i.e. there is no discontinuity in the graph.

      e.g. f(x) = x is a continuous function and f(x) =  eq \f(1,x)  is a discontinuous function.

3.  A function whose graph consists of a basic pattern which repeats itself at regular intervals is said to be periodic.  The width of the basic pattern is the period of the function.  For example, if a is the smallest positive number such that  f(x + a) = f(x) for each x that f is defined, then a is the period of function f.

4.  From the known graph of f(x), the reciprocal graph of  eq \f(1,f(x)) can be obtained based on following:

a.  f(x) and   eq \f(1,f(x))  have the same sign for any values of x.

b.  If f(x) increases,  eq \f(1,f(x))  decreases and vice versa.

c.  If f(x) has a maximum value,   eq \f(1,f(x))  has a minimum value and vice versa.

d.  When f(x) = 1,         eq \f(1,f(x))  = 1;  
when f(x) = -1,  eq \f(1,f(x))  = -1.

e.  When f(x) ( 0+ ,     eq \f(1,f(x)) ( + (;
when f(x) ( 0- ,  eq \f(1,f(x)) ( - (;

     when f(x) (  + ( ,  eq \f(1,f(x)) ( 0+  ; 
when f(x) ( -  ( ,  eq \f(1,f(x)) ( 0-
Hence, in the reciprocal graph, the x-intercepts become vertical asymptotes and vice versa.

( 2.1  Graph of the Sine Function

The sine graph has the following characteristics:

1. the sine function is odd since sin(- x) = - sin x, i.e. symmetrical about the origin

2. the sine function is continuous.

3. the sine function is periodic with period 2( since sin x = sin (x + ()

4. –1 ( sin x ( 1,  i.e. the range is [-1, 1]

5. the curve cuts the x-axis at 0, ( (, ( 2(, ( 3(, ( 4(, . . .

Graph of sin x 

(
0
 eq \f((,4) 
 eq \f((,2) 
 eq \f(3(,4) 
(
 eq \f(5(,4) 
 eq \f(3(,2) 
 eq \f(7(,4) 
2(

Sin (
0.0
0.7
1.0
0.7
0.0
- 0.7
- 1.0
- 0.7
0.0






y










      x



- 2(
       - (      
0
           (

          2(


The graph of y =  eq \f(1,sin x) = cosec x:



         - 2(
       - (      
       0
           (

         2(


( 2.2  Graph of the Cosine Function

1. the cosine function is even since cos(-x) = cos x, i.e. symmetrical about the y-axis

2. the cosine function is continuous
3. the cosine function is periodic with period 2( since cos x = cos (x + 2()

4. -1 ( cos x ( 1,  i.e. the range is [-1, 1]

5. the curve cuts the x-axis at 0, (  eq \f((,2) , (  eq \f(3(,2)  , (  eq \f(5(,2) , . . . 

Graph of cos x:

        




y

   x

    - eq \f(3(,2) 
          -  eq \f((,2)    0
   eq \f((,2) 

  eq \f(3(,2) 
Note: The cosine graph has the same shape as the sine graph but the former is shifted by a distance of   eq \f((,2) to the left on the x-axis.

Graph of y =  eq \f(1,cos x) = sec x:


( 2.3  Graph of the Tangent Function

1. the tan function is an odd function since  tan(-x) = - tan x

2. the tan function is not continuous since tan x =  eq \f(sin x,cos x) , so y = tan x is undefined when cos x = 0         i.e. when x =  (  eq \f((,2) , (  eq \f(3(,2)  , (  eq \f(5(,2) ….  

These lines x = (  eq \f((,2) , x = (  eq \f(3(,2) , . . . are called vertical asymptotes. 

The curve approaches these lines but does not touch them.

3. the tangent function is periodic with period ( since tan x = tan (x + ()

4. tan x ( (,   i.e. range = ( 

5. the curve cuts the x-axis at 0, ( (, ( 2(, . . . 

Graph of tan x : 





  Graph of y =  eq \f(1,tan x) = cot x:



y




                   y






x





x

-(
      0
           (

                     -(        -  eq \f((,2) 
0          eq \f((,2)      (          eq \f(3(,2) 
( 3  Graphs of Trigonometric Functions of Compound Angles 
( 3.1  Type I:  y = sin k(;  y = cos k(;  y = tan k(
The graph of y = sin k( is a sine curve with a period of   eq \f(2(,k) and a frequency k times of  y = sin (.

Similar properties can be deduced for y = cos k(  (period  eq \f(2(,k) ) and   y = tan k( (period  eq \f((,k) ).

Example 3.1

Sketch the graph of y = sin 2( for  0 ( ( ( 2(.

Solution



Example 3.2

Sketch the graph of y = 3cos  eq \f((,2)  for 0 ( ( ( 2(.

Solution

Example 3.3

Sketch the graph of y = 3 cos 5x for -  eq \f((,2) ( x (  eq \f((,2) .

Solution

( 3.2  Type II:  y = sin (( ( ();  y = cos(( ( ();  y = tan (( ( ()
The graph of y = sin (( + () is identical in shape to the graph of y = sin ( but is in a position given by moving/shifting the standard sine curve a distance of ( parallel to the (-axis to the left if  (> 0 or to the right if (< 0.  Similar properties can be deduced for y = cos (( + () and y = tan (( + ().

Example 3.4

Sketch the graph of y = sin (( - eq \f((,2) ) for 0 ( ( ( 2(.

Solution

( 3.3  Type III: y = a sin (bx + c); y = a cos (bx + c); y = a tan (bx + c)

Properties of the three general forms of the trigonometric functions mentioned above:

a)  When y = a sin (bx + c)  or  y = a cos (bx + c), then   -| a |  (  y  (  | a |, and period =  eq \f(2(,(b() 
      When y = a tan (bx + c), then ( ( < y < (, and period =  eq \f((,(b() 
b)  Shift graph  eq \f(c,b)  units to the LEFT if   eq \f(c,b)  > 0.  Shift graph  eq \f(c,b)  units to the RIGHT if   eq \f(c,b)  < 0.

Example 3.5

Sketch the graph of y = 2 sin (2x -  eq \f((,2) ) for - ( ( x ( (.

Solution


Example 3.6

Sketch the graph of y = tan ( eq \f((,2) +  eq \f((,6) )  for -  eq \f(4(,3)  < x <  eq \f(2(,3) .

Solution

( 4  The Inverse Trigonometric Functions

( 4.1  Arc-Sine Curve

Let   f   :   [- eq \f((,2)  , eq \f((,2)  ] (  [-1, 1]  where f(x) = sin x.   Therefore, its inverse function is defined by 

f -1  :  [-1, 1] ( [- eq \f((,2)  , eq \f((,2)  ]  where f -1(x) = sin-1 x  ( (  eq \f(1,sin x) )  and is called the arc sine function.

Hence, if y = sin-1x  ( sin y = x.

For instance,  y = sin-1  eq \f(1,2) 
( sin y =  eq \f(1,2) 
(      y  =  eq \f((,6) 
We call the value   sin-1 x ( [- eq \f((,2)  , eq \f((,2)  ]  the Principal value.
Note:

· The inverse trigonometric function is the reflection of the original function in the line y = x.

· sin-1 (sin x) = x   for x ( [- eq \f((,2)  , eq \f((,2)  ],

· sin (sin-1x)  = x   for x ( [-1, 1].            y





            (/2
y = sin –1 x            y = x

 




1 


y = sin x

x

0

     1    (/2

Example 4.1

Find the Principal value of   a) sin-1( eq \f(1,2) )    
b) sin-1(- eq \f(1,2) )     

c)  sin-1(-1)   

d) sin-1( eq \f(\r(,2),2) ) 
e) sin-1 (-  eq \f(\r(,3),2) )

f) sin-1( eq \f(3,2) )   


[a)  eq \f((,6)  b) -  eq \f((,6)  c) -  eq \f((,2)  d)  eq \f((,4)  e) -  eq \f((,3)  f) undefined ]

Solution

Example 4.2
Find   tan ( sin-1(- eq \f(3,4) ) ).  [-  eq \f(3\r(,7),7)  ]

Solution
( 4.2  Arc-Cosine Curve

Let function  g   :   [0, (]  (  [-1, 1]  where g(x) = cos x.  Therefore its inverse function is defined by 

g -1  :  [-1, 1] ( [0, (]  where g -1(x) = cos-1 x  and is called the arc cosine function.

Also,  y = cos-1x  ( x = cos y.  The Principal value of cos-1x ( [0, (].

Note :

· cos-1(cos x) = x  for  x  (  [0, (]

· cos(cos-1x)  = x  for  x  (  [-1, 1]


  y


   y = x

y = cos –1x                (
    1


      - 1           0         (/2    ( 

x

 y = cos x

Example 4.3
Find the Principal value of the following: 

a) cos-1(-  eq \f(\r(,3),2) )     =

b) cos-1(  eq \f(1,\r(,2)) )        =

c) sin  ( cos-1( eq \f(\r(,3),2) ) ) =

d) tan  ( cos-1(  eq \f(1,\r(,2)) ) ) =

( 4.3  Arc-Tangent Curve

Let   h  : (- eq \f((,2)  , eq \f((,2)  ) (   (  where h(x) = tan x.  Therefore its inverse function is defined by 

h -1  : ( ( (- eq \f((,2)  , eq \f((,2)  )  where h -1(x) = tan-1 x  and is called the arc tangent function.

Hence, if y = tan-1x  ( tan y = x.   The Principal value of tan-1x ( (- eq \f((,2)  , eq \f((,2)  )

Note:

· tan-1(tan x) = x   for x ( (- eq \f((,2)  , eq \f((,2)  ),

· tan (tan-1x)  = x   for x ( (.  


y
y = tan x     y = x


 (/2

           y = tan –1 x

  - (/2   

    0
         (/2
      x


       - (/2

Example 4.4

Find the Principal value of the following:

a) tan-1( eq \r(,3) )  =

b) tan-1( eq \f(1,\r(,3)) )  =

c) cos [ tan-1(- eq \r(,3) ) ]  =

d) tan [ tan-1(1) ]        =

( 5  Trigonometric Identities

sin2 (  +  cos2 (
=  1

tan2 (  +   1
=  sec2 (
cot2 (  +  1
=  cosec2 (
Compound Angle Indentities

sin ( A ( B )
=  sin A cos B ( sin B cos A

cos ( A ( B )
=  cos A cos B    sin A sin B

tan ( A ( B ) 
=   eq \f(tan A ( tan B,1   tan A tan B) 
Double and Triple Angle Formulae

sin 2A
=  2 sin A cos A

cos 2A
=  cos2 A – sin2 A


=   1 – 2 sin2 A


=  2 cos2 A – 1

tan 2A
=   eq \f(2 tan A,1 - tan2 A) 
sin 3A
=  3 sin A – 4 sin3 A

cos 3A
=  4 cos3 A – 3 cos A

tan 3A
=   eq \f(3 tan A - tan3 A,1 - 3 tan2 A) 
Example 5.1
Show that  eq \f(cos (,1 + sin ()  =  sec ( - tan (.

Solution
Example 5.2

Prove that  eq \f(tan (,1 + sec () -  eq \f(tan (,1 - sec ()   =  2 cosec (.

Solution

Example 5.3
Prove that cot (A + B)  =   eq \f(cot A cot B - 1,cot A + cot B) .

Solution
Example 5.4

If sin (  =  eq \f(5,13) , cos ( =  eq \f(4,5) ,  find the possible values of sin (( + ().  [  eq \f(56,65) , -  eq \f(16,65)  ]

Solution
Example 5.5

Find the value of x if   sin-1 x + cos-1   eq \f(x,2) =  eq \f(5(,6) .  [ x = 1]

Solution
Example 5.6

Prove that  a)   eq \f(1 + sin 2(,cos 2() =  eq \f(cos ( + sin (,cos ( - sin ()   
b)   eq \f(tan 3A + tan A,tan 3A - tan A)  = 2 cos 2A  

Solution

Example 5.7

Given that  t = tan  eq \f((,12) ,  show that t2 + 2 eq \r(,3) t - 1 = 0.  Hence, deduce that   t = 2 -  eq \r(,3) .

Solution
Example 5.8

Prove that tan-1 3 + 2 tan-1 2 = cot -13.

Solution

Half Angle Formulae

We know that  tan 2( =  eq \f(2 tan (,1 - tan2 () .  Replace 2(  by  A and  (  by  eq \f(A,2) , then  tan A  =  eq \f(2 tan \f(A,2),1 - tan2 \f(A,2)) 
Now, let t = tan  eq \f(A,2)    we have the t-formulae






tan A =  eq \f(2t,1 - t2) 
     sin A =  eq \f(2t,1 + t2)  
cos A =  eq \f(1 - t2,1 + t2) 

   1 + t2

    2t









          A

1 – t2 

Example 5.9
If  tan ( =   eq \f(3,4)  and ( is acute, find the value of tan  eq \f((,2) .

Solution
Example 5.10

Solve the equation 5 tan ( + sec ( + 5 = 0 for values of ( between 0( and 360(. [143.10, 306.90]

Solution
Factor Formulae

sin A + sin B
=    2 sin  eq \f(A + B,2)  cos  eq \f(A - B,2) 
sin A - sin B
=    2 cos  eq \f(A + B,2)  sin  eq \f(A - B,2) 
cos A + cos B
=    2 cos  eq \f(A + B,2)  cos  eq \f(A - B,2) 
cos A - cos B
=  - 2 sin  eq \f(A + B,2)  sin  eq \f(A - B,2) 
The following formulae may be derived either from the factor formulae or from the addition theorem.

2sin A cos B
=  sin (A + B) + sin (A – B)

2cos A sin B
=  sin (A + B) – sin (A – B)

2cos A cos B
=  cos (A + B) + cos (A – B)

-2sin A sin B
=  cos (A + B) – cos (A – B)

Example 5.11

Use a factor formula to express 2 sin 2( cos ( as a sum. [sin 3( + sin (]

Solution
Example 5.12
Prove that cos ( - cos 3( - cos 5( + cos 7( = - 4 cos 4( sin 2( sin (.

Solution
Example 5.13

If A + B + C = (, show that

a) tan A + tan B + tan C = tan A tan B tan C.

b) sin A + sin B + sin C = 4 cos  eq \f(A,2) cos  eq \f(B,2)  cos  eq \f(C,2) .

Solution
( 6  R-formula: Expression of acos ( + bsin ( in the form R cos (( ( ()

Let a cos ( + b sin (
= R cos (( - ()




= R cos ( cos ( + R sin ( sin (
Equating the like terms, we have:



R cos ( = a ………(1)


and

R sin ( = b ……....(2)


(1)2 + (2)2 gives
R2 (cos2 ( + sin2 () = a2 + b2
(

R   =  eq \r(a2 + b2) 
  (R > 0)

Dividing (2) by (1), we have



 eq \f(R sin (,R cos () 
= tan ( =  eq \f(b,a)  ( ( = tan (1  eq \f(b,a) 
Thus acos ( + b sin ( = Rcos (( - (), where R= eq \r(a2 + b2)  and ( = tan (1  eq \f(b,a) .

In general, R is always taken to be positive and ( is always taken to be acute.  

Other formulae: (R= eq \r(a2 + b2)  and ( = tan –1  eq \f(b,a) )

Expression
R-formula

a cos ( + b sin (
R cos (( ( () 

a sin ( + b cos (
R sin (( + () 

a cos ( ( b sin (
R cos (( + () 

a sin ( ( b cos (
R sin (( ( () 

Example 6.1

Express 3 cos ( + 4 sin ( in the form R cos (( - ().  Hence, find the maximum and minimum values of

 3 cos ( + 4 sin (.  [5 cos ( ( - 53.10 ), max is 5, min is –5]

Solution

Example 6.2

Solve the equation 3 cos ( - sin ( = 1 for values of ( between 00 and 3600. [53.20 , 2700]

Solution 

Example 6.3

Express cos ( - sin ( in the form R cos (( + ().  

Hence sketch the graph of cos ( - sin ( for 0 ( ( ( 2(.   [ eq \r(,2) cos (( +  eq \f((,4) ) ]

Solution

Example 6.4

Sketch the graph of  eq \r(,3) sin ( + cos ( for 0 ( ( ( 2(.

Solution

Example 6.5

Find, as ( varies in [0,(], the greatest and least values of x and of y, where

 x = 17 + 5sin2( + 12cos2( 
and 
y = 17 + 5 sin2 ( + 12 cos2 (. [30, 4; 29, 22]

Solution

Example 6.6 (ACJC 2000/1/11c)

Express     3 sin t – cos t     in the form      Rsin(t - ()      where 0 < ( < 900.  

What is the least and greatest value of   eq \f(1,10 + 3 sin t - cos t)  as t varies?

[ 0.076, 0.146]

Solution

( 7  Solutions of Trigonometric Equations

( 7.1  Principal Values and Basic Angles

a) sin ( = k ( ( = sin-1 k.  The principal value is sin-1 k ( [- eq \f((,2) , eq \f((,2) ]

b) cos ( = k ( ( = cos-1 k.  The principal value is cos-1 k ( [0, (]

c) tan ( = k ( ( = tan-1 k.  The principal value is tan-1 k ( (- eq \f((,2) , eq \f((,2) )

Note : To find principal value, you need to key into your calculator the sign ( + or - )  together with the value of the trigonometric function.  To find basic angle, you need only to key in the absolute value of the trigonometric function.

Example 7.1

Find the principal values and basic angles:

a) sin ( =  eq \f(1,2) 
b) sin ( = -  eq \f(1,2) 
c) cos ( =  eq \f(1,2) 
d) cos ( = -  eq \f(1,2) 
e) tan ( = 1
f) tan (  = -1   

[a)  eq \f((,6) , eq \f((,6)   b) -  eq \f((,6) ,   eq \f((,6)   c) eq \f((,3) ,   eq \f((,3)   d)  eq \f(2(,3) ,   eq \f((,3)   e)  eq \f((,4) ,   eq \f((,4)    f) -  eq \f((,4) ,  eq \f((,4) ]

Solution

( 7.2
Solution of Trigonometric Functions in a specified range

Steps

1 Find basic angle.

2 Draw the quadrant diagram

3 Find the required angles using basic angle and the sign of the trigonometric value.

Note: For specified range, we have finite solution set.

Example 7.2

Solve within the interval 0 ( ( ( 360o  the equation  sin ( + 3 sin ( cos ( = 0. 

[00, 109.50, 1800, 250.50, 3600]

Solution

Example 7.3

Find the angles within the range – 1800 ( ( ( 1800 which satisfy the equations tan 3( = -2. 

[- 141.10 , - 81.10, - 21.10, 38.90, 98.90, 158.90 ]

Solution

Example 7.4 (HCJC 00/1/7)

Find all the values of (, for 0 < ( < (, satisfying the equation  cosec ( + sin 3( = 0.      

[ eq \f((,2) ]

Solution

( 7.3
General Solution of Trigonometric Equations

The general solution of a trigonometric equation is an expression which represents all angles which satisfy the given trigonometric equation.  In other words, the general solution has an infinite set of angles.

For tan ( = k, general solution is ( = n( + (, n ( (, where principal value, ( = tan-1 k .

For cos ( = k, ( – 1 ( k ( 1), general solution is ( = 2n( ( (, n ( (, where principal value, ( = cos-1 k.

For sin ( = k, (– 1 ( k ( 1), general solution is ( = n( + (-1)n (, n ( (, where principal value ( = sin-1 k

or ( = 2n( + (, (2n + 1)( ( (, n ( Z .

Note: 

The general solution for sine can also be expressed as  ( = 2n( + (, (2n + 1)( - (, n ( Z.

General solutions are not unique.  Different answers can be obtained for the same equation depending on method used.  But the specific angles generated by the different general solutions are the same.

Example 7.5 (To compare between A Maths method and general solutions)

Find the solutions of the following equations where - 2( < ( < 2( 

a)  tan ( = 1

b) cos ( = -  eq \f(1,2) 

c)sin ( = -  eq \f(1,2) . 

[a) -  eq \f(7(,4) , -  eq \f(3(,4) ,  eq \f((,4) ,  eq \f(5(,4) 
b) -  eq \f(4(,3) , -  eq \f(2(,3) ,   eq \f(2(,3) ,  eq \f(4(,3) 
c) -  eq \f(5(,6) , -  eq \f((,6) ,  eq \f(7(,6) ,  eq \f(11(,6) ]

Solution

Example 7.6 (To show that general solution is not unique)

Find the general solution of 
cos ( = sin (.

Hence find the possible values of ( where - 2( ( ( ( 2(.

[n( +  eq \f((,4)  n ( Z; or   eq \f(n(,2)  +  eq \f((,4)  where n ( Z is even or zero; 2n( +  eq \f((,4)  or 2n( -  eq \f(3(,4)  n ( Z; -  eq \f(7(,4) , -  eq \f(3(,4) ,  eq \f(5(,4) ,  eq \f((,4) ]

Solution

Example 7.7

Find the general solution of the following equations:

a) sin ( = -  eq \f(\r(,3),2) 

b) cos  eq \f(1,2) ( =  eq \f(1,\r(,2)) 

c) cosec ( = 2

d) tan2 ( = 3

[a) n( + (-1)n + 1  eq \f((,3)  (Alt: 2n( (  eq \f((,3) or (2n + 1)( +  eq \f((,3) )    b) 4n( (  eq \f((,2)      

c) n( + (-1)n  eq \f((,6)  (Alt: 2n( +  eq \f((,6)  or  (2n + 1)( (  eq \f((,6) )      d) n( (  eq \f((,3) , all n ( Z]

Solution

Example 7.8

Find the general solution of the following equations:

a) cos ( = cos 400

b) cos 4( = cos (

c) cos 3( = sin (

d) sin 2( = cos 360
[a) 3600 ( 400     b)  eq \f(2n(,5) or  eq \f(2n(,3)     c)  eq \f(n(,2) +  eq \f((,8) or  n( -  eq \f((,40)       d) 900n + (-1)n 270, all n ( Z]

Solution

Example 7.9

Find the general solution of the following equations:

a) sin2 ( - sin ( - 2 = 0     b) 4 sec2 ( - 3 tan ( = 5     c) 3 cos 2x – 2 cos x + 1 = 0    d)  eq \r(,3) cos ( + sin ( = 1 [a) n( + (-1)n + 1  eq \f((,2)   b) 1800n – 140  or 1800n + 450  c) 3600n ( 39.90  or 3600 ( 115.70 

d) 2n( +  eq \f((,2)  or 2n( -  eq \f((,6) , all n ( Z]

Solution

Note : Equations of the type a cos ( + b sin ( = c   where a, b and c are constants, to solve it, we first express a cos ( + b sin ( = R cos (( ( () where R > 0 and ( is acute.

Example 7.10

Find the general solution of the equation cos x + cos 2x + cos 3x = 0 and hence deduce the values of x between - ( and (.  [n( (  eq \f((,4) or 2n( (  eq \f(2(,3) , (  eq \f((,4) , (  eq \f(2(,3) , (  eq \f(3(,4) ]

Solution

Example 7.11
Solve the equation

a) 3 sin x – 2 sin 4x + 3 sin 7x = 0 

for 00 ( x ( 1800
b) 3 sin 2x = 2 tan x 


for – 1800 ( x ( 1800 .  

[a) 00, 450, 900, 1350, 1800, 23.50, 96.50, 143.50   b) – 1800, - 125.30,- 54.70, 00, 54.70, 125.30, 1800]

Solution

( 8  Trigonometric Approximation







    C

If ( is small and ( is measured in radians, then 




     B


sin ( ( (

tan ( ( (

cos ( ( 1 -  eq \f((2,2) 
Proof







(
Refer to diagram.  It is obvious that 

         O




    A

     area of ( OAB < area of sector OAB < area of ( OAC


r

(          eq \f(1,2) r2 sin (  <     eq \f(1,2) r2 ( 
        <    eq \f(1,2) r (r tan ()

(
   sin (    <
     (
        <
tan (  
…….(1) 
(since  eq \f(1,2) r2 > 0)

For small positive values of (, sin ( , cos ( and tan ( are all positive.

So divide throughout by sin (, we have


       1
   <
 eq \f((,sin () 
        < 
 eq \f(1,cos ()   

As ( ( 0,  cos ( ( 1  and   eq \f(1,cos ()  ( 1.  Thus   eq \f((,sin ()  ( 1 as  ( ( 0 or  eq \a\ac(lim, ( ( 0) ( eq \f((,sin () ) = 1

This verifies that if ( is small, sin ( ( (.

Again, dividing (1) by tan (, we have  cos ( <  eq \f((,tan ()  < 1.

As ( ( 0,  cos ( ( 1.  Thus  eq \f((,tan ()  ( 1 as  ( ( 0 or  eq \a\ac(lim, ( ( 0) ( eq \f((,tan () ) = 1

This verifies that if ( is small, tan ( ( (.

Next, using cos ( = 1 – 2 sin2  eq \f((,2) , if   eq \f((,2)  is small, then sin  eq \f((,2) (  eq \f((,2) .

Hence,       cos ( ( 1 – 2 ( eq \f((,2) )2 ( 1 -  eq \f((2,2) .

Example 8.1

Solve approximately, the equation cos ( = 0.999.  [0.04472 radians]

Solution

Example 8.2

Show that, when x is small, [1 – sin2 ( eq \f(x,2) )] cos 2x ( 1 -  eq \f(9,4) x2. 

Solution

Example 8.3

Show that, when x is small,   eq \f(cos 3x,1 - sin x) (  eq \f(1 - \f(9,2)x2,1 - x) . By binomial expansion, show that  eq \f(cos 3x,1 - sin x) ( 1 + x -  eq \f(7,2) x2
Solution

Example 8.4

Show that, when x is small, sin ( eq \f((,6) + x) (  eq \f(1,2) [1 +  eq \r(,3) x -  eq \f(x2,2) ].

Solution

( 9  Miscellaneous Examples

Example 9.1 (VJC 97/1/14)

a) Prove that sin x cos x – sin2 x -  eq \f(1,2)  can be expressed as  eq \f(\r(,2),2) cos (2x -  eq \f((,4) ) – 1.  With the help of the curve of y = cos 2x, sketch, for values of x such that 0 ( x ( (, the graph of y = sin x cos x – sin2 x +  eq \f(1,2) .

b) Prove that for all values of (, sin 3( - cos 3( = (sin ( + cos ()(2 sin 2( - 1).  Hence, or otherwise, find the general solution, in degrees (correct to 0.10) of the equation 3 (sin 3( - cos 3() = 2(sin ( + cos ().

[b) 1800n - 450 or 900 n + (-1)n 28.20 , n ( Z ]

Solution

Example 9.2 (YJC 01/1/8)

Find all the values of (, such that 00 < ( < 3600, which satisfy the equation cosec 2( ( sec ( = 0. [300, 1500]

Solution

Example 9.3 (NJC 01/1/7)

Find the general solution, in degrees, of the equation cos 2x + cos 3x + cos 4x = 0.

Deduce, for 00 ( x ( 3600, the solution of the equation sin2 2x + sin2 3x + sin2 4x =  eq \f(3,2) . 

[x = 1200n ( 300, 3600 n ( 1200 , n ( Z; x = 600n ( 150, 1800 n ( 600 , n ( Z]

Solution

Example 9.4 (VJC 01/1/12)

P is a variable point on the diameter AB of a circle with centre O and radius r. 

C is a fixed point on the circumference of the circle and (CPA is   eq \f((,2)  + x.

Given also that ( CAB =  eq \f((,12) , show that CP =  eq \f(r,2 cos x) .  

When x is small, show that CP (  eq \f(r,2)  +  eq \f(rx2,4) .  

Hence deduce the perpendicular distance of C from AB. [ eq \f(1,2) r]

Solution

Summary (Trigonometry)

Trigonometric relationships
sin (-()  =  - sin (
cos (-() =    cos (
tan (-()  = -  tan (



sin ( eq \f((,2) - ( )    =  cos (
cos ( eq \f((,2)  - ( )  =  sin (
tan ( eq \f((,2)  - ( )   =  cot (
sin ( eq \f((,2)  + ( )  = cos (
cos ( eq \f((,2)  + ( ) = - sin (
tan ( eq \f((,2)  + ( )  = -cot (
sin ( eq \f(3(,2) ( () = - cos (
cos ( eq \f(3(,2) ( () = ( sin (
tan ( eq \f(3(,2)    () = ( cot (

sin (( - () =    sin (
cos (( - () = - cos (
tan (( - () = -  tan (

sin (( + ()  = - sin (
cos (( + () = - cos (
tan (( + ()  =  tan (
sin (2( ( ( ) = ( sin (
cos (2( ( ( ) = cos (
tan (2( ( ( ) = ( tan (

Common trigonometric values






Degrees
Radians
sin (
cos (
tan (

0
0
0
1
0

30
 eq \f((,6) 
 eq \f(1,2) 
 eq \f(\r(,3),2) 
 eq \f(1,\r(,3)) 

45
 eq \f((,4) 
 eq \f(1,\r(,2)) 
 eq \f(1,\r(,2)) 
1

60
 eq \f((,3) 
 eq \f(\r(,3),2) 
 eq \f(1,2) 
 eq \r(,3) 

90
 eq \f((,2) 
1
0
(

180
(
0
- 1
0

270
 eq \f(3(,2) 
- 1
0
(

360
2(
0
1
0






      300
         2





450 

 


 eq \r(,3) 


 eq \r(,2) 
        1


     600 




450
1



        1



300 or 600 triangle


450 triangle

Trigonometric Identities

sin2 (  +  cos2 (  =  1

tan2 (  +   1        =  sec2 (
cot2 (  +    1       =  cosec2 (
Compound Angle Identities

sin ( A ( B )
=  sin A cos B ( sin B cos A

cos ( A ( B )
=  cos A cos B    sin A sin B

tan ( A ( B ) 
=   eq \f(tan A ( tan B,1   tan A tan B) 
Double and Triple Angle Formulae

sin 2A
=  2 sin A cos A

cos 2A
=  cos2 A – sin2 A


=   1 – 2 sin2 A


=  2 cos2 A – 1

tan 2A
=   eq \f(2 tan A,1 - tan2 A) 
sin 3A
=  3 sin A – 4 sin3 A

cos 3A
=  4 cos3 A – 3 cos A

tan 3A
=   eq \f(3 tan A - tan3 A,1 - 3 tan2 A) 
The t-formula

Let t = tan  eq \f(A,2) , then    tan A =  eq \f(2t,1 - t2) 
sin A =  eq \f(2t,1 + t2)   

cos A =  eq \f(1 - t2,1 + t2) 
Factor Formulae

sin A + sin B
=    2 sin  eq \f(A + B,2)  cos  eq \f(A - B,2) 
sin A - sin B
=    2 cos  eq \f(A + B,2)  sin  eq \f(A - B,2) 
cos A + cos B
=    2 cos  eq \f(A + B,2)  cos  eq \f(A - B,2) 
cos A - cos B
= -  2 sin  eq \f(A + B,2)  sin  eq \f(A - B,2) 
2sin A cos B
=  sin (A + B) + sin (A – B)

2cos A sin B
=  sin (A + B) – sin (A – B)

2cos A cos B
=  cos (A + B) + cos (A – B)

-2sin A sin B
=  cos (A + B) – cos (A – B)

General Solutions

For tan ( = k, the general solution is ( = n( + (, n ( (, ( = tan-1 k.

For cos ( = k where (k( ( 1, the general solution is ( = 2n( ( (, n ( (, ( = cos-1 k

For sin ( = k, where (k( ( 1, the general solution is ( = n( + (-1)n (, n ( (, ( = sin-1 k

R-formula

Expression
R-formula

a cos ( + b sin (
R cos (( ( () 

a sin ( + b cos (
R sin (( + () 

a cos ( ( b sin (
R cos (( + () 

a sin ( ( b cos (
R sin (( ( () 

where R= eq \r(a2 + b2)  and ( = tan (1  eq \f(b,a) .

Small Angle Approximations

If ( is small and ( is measured in radians, then

 sin ( ( (
 tan ( ( (
 cos ( ( 1 -  eq \f((2,2) 
“It is your attitude, not your aptitude, that determines your altitude in life.”  Anonymous
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