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AO MATHEMATICS 8174

FUNCTIONS

SUMMARY

Definitions

A function f : X ( Y is a rule which associates with each element x ( X a unique element y(Y 
such that y = f(x). 
The element f(x) in Y is called the image of x under f.  

Y is called the codomain of f.  

X is called the domain of f and is denoted by Df.  

The range of f is {y ( Y : y = f(x), x ( X} and is denoted by Rf. 

A function is also known as a mapping.

Note: a)  The range of f must be a subset of or equal to the codomain of f.

b)  When defining a function, the domain must be indicated.  However, when the domain is not specified, it is usually understood that the domain of the function is the largest possible domain for which the function is defined.

c)  When the codomain is not stated, it is taken to be the range. (i.e. codomain = range)

Domain and Range of a Function

When we draw the graph of a function, 

the region of the x-axis which is “covered” by the graph is the domain of the function and 

the region of the y-axis which is “covered” by the graph is its range.

Finding the Range of  Absolute Function, y = |f(x)|
By definition, |x| =  eq \b\lc\{(\a\ac( x     if x > 0, 0    if x = 0,(x   if x < 0)) 
Hence, to draw y = |f(x)| from y = f(x), we reflect the negative parts of the graph of y = f(x), which is under the  x-axis, to the positive side, which is above the x-axis.  We use this graph to find the range of f(x).

One-one Functions

A function f : X ( Y is said to be one-one (or injective ) if no two distinct elements of X have the same 

f-image.  In other words, a function f : X ( Y is one-one if the following condition is satisfied: 

Let x1 , x2 ( X, then f(x1) = f(x2) ( x1 = x2 .  This can be shown graphically by observing that any horizontal line drawn will only cut the graph of the function at most once.

A function is said to be onto (or surjective) if the range of this function is the codomain itself, 

i.e. {f(x) : x ( X} = Y.

Inverse Functions

The function which maps the image back to its initial value is known as the inverse function, denoted by f –1 .  The inverse f  ( 1 : Y ( X is a function if and only if f is one-one and onto. 

The range of f  ( 1 (x) is the domain of f(x).  

The domain of f  ( 1 (x) is the range of f(x).  

Graphically, f  ( 1 is the graph of f reflected along the line y = x.

Composite Functions

The composite function, gof  (or gf) of the functions f : X ( Y and g : Y ( Z where Rf ( Y 

is the function  gof : X ( Z  defined by (gof)(x) = g(f(x))  for all x ( X.

Note: 
a)    For gof to be defined (i.e a function), Rf ( Dg.  Similarly, for fog to be defined, Rg ( Df

b)   The domain of gof is the domain of f.


c)   To find (gof) (1 , we may use the result (gof) (1 = f –1. g –1 .


d)   In general, gf ( fg

e)    f 2 (x) = ff(x)

ASSIGNMENT

Finding the Image of a Function

1. A function, f, is defined by f : x ( 6x ( 4 for all real values of x.  What are the images of 2, (4,   eq \f(1,3) and (  eq \f(1,2) .

[8, (28, (2, (7]

2.     Given the function f : x ( 5 ( 2x, evaluate each of the following:

a)  f(1)
b)  f((2)

c)  f(0)

d) f(3) + f(( 3)



[3, 9, 5, 10]

3.     If h(x) = x2 ( 5x + 4,

a)     express h(2a) ( h(a) in terms of a,

b)    find the value of a for which h(a) = 0

c)    express h(a2) + h(a) in terms of a.



[3a2 ( 5a, a = 1 or 4, a4 ( 4a2 ( 5a + 8]

Domain and Range of a Function

4.    A function, f, is defined by f : x ( 2x ( 1.  Find the range of f for the domain ( 1 < x  ( 3.   [( 3 < f(x) ( 5]

5. .  A function, f, is defined by f : x ( ( x2 + 3,  ( 1 ( x < 2.  Find the range of f.

          [( 1 < f(x) ( 3]

6. Sketch the graphs of the following functions and state the range in each case.

a)     f : x ( x

( 1 ( x ( 1
[(1 ( f(x) ( 1]

b)    f :  x ( 2x ( 3

( 1 ( x ( 3
[(5 ( f(x) ( 3]

c)   g :  x ( x2 + 1

( 1 ( x ( 3
[1 ( g(x) ( 10]

d)   g :  x ( x2 ( 4x + 3
   0 ( x ( 5
[(1 ( g(x) ( 8] 

e)   h :  x (  2x ( 3

( 2 ( x ( 5
[(7 ( h(x) ( 7]

f)   h :  x (  ( 2x + 1

( 2 ( x ( 5
[(9 ( h(x) ( 5]

Finding the Range of  Absolute Function, y = |f(x)|
7.    Sketch the graphs of the following and state their ranges.

a)   f : x ( |x  ( 1|

( 1 ( x  ( 3
[0 ( f(x) ( 2]

b)   f : x ( |6 ( 3x|

   0 ( x  ( 4
[0 ( f(x) ( 6]

c)   g : x ( |(x ( 1)(x ( 5) |
   0 ( x  ( 6
[0 ( g(x) ( 5]

d)   h : x ( |x2 ( x ( 6 |
( 4 ( x  ( 4
[0 ( h(x) ( 14]

8.    Sketch y = |12 ( 5x| for 0 ( x ( 4.  Find the set of values of x for which y ( 6.  
[ eq \f(6,5)  ( x (  eq \f(18,5) ]

One-one Functions

9.    Which of the following is a one-one function

a)    f : x ( x  ( 1

b)   f : x ( |x  ( 1|

c)   f : x ( |x  ( 1|
x ( 1

Inverse Functions
10.   Find the inverse of the following

a)   f : x ( x ( 2


[f (1 : x ( x + 2]

b)  f : x ( 2 ( x


[f (1 : x ( 2 ( 2]

c)  f : x (  eq \f(3x ( 1,4) 


[f (1 : x (  eq \f(4x + 1,3) ]

d)  f : x ( 3x + 4


[f (1 : x (  eq \f(x ( 4,3) ]

e)  f : x (  eq \f(3x ( 5,2x + 7) 
x ( (  eq \f(7,2) 

[f (1 : x (  eq \f(7x + 5,3 ( 2x) ,   x (  eq \f(3,2) ]

11.   Given f : x ( 3 +  eq \f(2,x) ,   eq \f(1,2) ( x ( 2.  Sketch the graph of f.  Hence sketch f (1.  State the domain of f (1. [4 (x(7]

12.   Given f : x (  eq \f(2x ( 5,x ( 3) 
a)    State the value of x for which f is not defined.

b)   Find the value of x for which f(x) = 0.

c)   Find the inverse function, f ( 1, and state its domain.
[3,   eq \f(5,2) , f (1 : x (  eq \f(2x ( 5,x ( 2) , {x ( ( : x ( 2}]

13.   Given f : x ( x + 1

a)   find g if gf : x ( x2 + 5x + 5
[g : x ( x2 + 3x + 1]

b)   find g if fg : x ( x2 + 5x + 5
[g : x ( x2 + 5x + 4]

Composite Functions

14.   If f : x ( x + 3 and g : x ( x2 + 3x + 4 for x ( (, find gf, fg, fg(2), and gf(2).   

[gf(x) = x2 + 9x + 22, fg(x) = x2 + 3x + 7, 44, 17]

15.   If f : x ( 3x + b and g : x ( 2a ( 3x such that fg = gf, find the relationship between a and b.   [a = ( b]

16.   Given f : x ( 5x ( 9 and g : x ( 2 ( 6x, find the value of a for which

a)    f(x)    = 16

b)    f(x)    = g (x)

c)    2 f(x) = 3g(x)








[5, 1,  eq \f(6,7) ]

17.   If f : x ( x + 1 and g : x ( 3x + 2, find the composite functions fg and gf.  Hence find fg(3), gf(3), fg((1) and gf((1).


[fg : x ( 3x + 3, x ((, gf : x ( 3x + 5, x ( (, 12, 14, 0, 2, Note : gf ( fg]

18.  Find similar expressions for fg and gf:

a)   f : x ( 9 ( x,

g : x ( 3x + 4

[fg : x ( 5 ( 3x, gf : x ( 31 ( 3x]

b)   f : x ( x ( 1
x ( 1,
g : x (  eq \f(4,x) 
x ( 0
[fg : x (  eq \f(4,x)  ( 1
x ( 0, gf : x (  eq \f(4,x ( 1)  x ( 1]

c)   f : x ( x + 2
x ( (3,
g : x (  eq \f(3,x + 1) 
x ( (1
[fg : x (  eq \f(2x + 5,x + 1)    x ( ( 1, gf : x (  eq \f(3,x + 3)   x ( (3]

Miscellaneous Problems

19.   <YJC 02/1/9i>  Find the range of g : x ( |x ( 5| , 0 ( x ( 7.   



[Rg = [0,5] ]

20.   <JJC 02/1/12i>   Sketch graph of f : x ( |1 ( x| for the domain ( 2 ( x ( 2..  State its range. 
[Rf =[0,3]] 

21.   <SRJC 02/1/9i>  Sketch the graph of f : x ( |2 ( 3x| , 0 ( x < 3 and state its range.  

[Rf = [0,7) ]

22.   <SAJC 02/1/7>  Sketch the graph of the function g : x ( |x ( 1| ( 3 and find the range of values of x for which g (x) > 0.   [x < ( 2, x > 4]

23.   <NJC 02/2/5>   Sketch the graph of y = (|2x ( 3| for the domain ( 4 ( x ( 4 and state the corresponding range of y.  [Ry = [(11, 0] ]

24.   <ACJC 02/1/6>   For each of the following functions, find the range corresponding to the domain

( 2 ( x ( 3.

i) f : x ( ( 2x + 5

ii) g : x ( | ( 2x+ 5|

iii) h : x ( |2x| + 5





[ [(1, 9], [0, 9], [5, 11] ]

25.   <ACJC 02/1/8>   The functions f and g are defined by f : x (  eq \f(x3,8) , 0 ( x ( 4 and g : x ( ( x + 3, 0 ( x ( 4.  Sketch on the same diagram the above functions.  By using your diagram, explain why the equation 

x3 + 8x ( 24 = 0 has only one real root.
26.   <JJC 02/2/3a>   A function f is defined by f : x (  eq \f(x ( 1,x) , x ( 0.  Show that f 2 (x) = f (1 (x).

27.   <SAJC 02/2/4>  Functions f, g and h are defined by f : x ( 1 ( 2x, g : x ( |x + 1| , h : x ( x2 ( 2 , x ( 0.

Find in similar form gf, fg and gh.
i) Evaluate h (1 (2).
[gf : x ( |2 ( 2x|, fg : x ( 1 ( 2|x + 1| , gh : x ( |x2 ( 1|, 2]

28.  <ACJC 02/2/4a>   The functions f and g are defined by f : x ( 3x + 2, x ( ( and g : x ( x ( k , x (( where k is a constant.

i) Find the value of k for which fg(x) = gf(x).

ii) Find the value of f 3 (2) and f  ( 1 eq \b(\f(1,2)) .




[k = 0, 80, (  eq \f(1,2) ]

29.  <JJC 02/1/10>   Functions f and g are defined by f : x ( a ( 2x and g : x ( 3x + b.  Given that 

f 2 (2) = 1 and g (3) = g(1 (3), find (i) the values of a and b   (ii)  the value of fg (2). [a=7, b=(6, 7]

30.   <AJC 02/2/6>  Functions f and g are defined by f : x (  eq \f(x + 3,x ( 3) , x ( 3 and g : x ( ax + b, where a and b are constants.

i) Obtain an expression for f ( 1 , in a similar form.

ii) Given that g (1 (2) = f (4) and gf (1 (2) = 5, find values of a and b.

[f ( 1 : x (  eq \f(3(x + 1),x ( 1) , x ( 1, a =  eq \f(3,2) , b = (  eq \f(17,2) ]

31.  <TJC 02/2/6>   For x ( (, the functions of f and g are defined by f : x ( x2 + 1 and g: x ( 3 ( 2x.

i) State the range of f.

ii) Find, in similar form, the function ff, gf and g (1 .

iii) If h denotes the function (fg)(1, determine the values of h(2).

[f(x) ( 1, ff : x ( x4 + 2x2 + 2, x ( (, gf : x ( ( 2x2 + 1, x ( (, g (1 : x (  eq \f(1,2) (3 ( x), x ( (;2 or 1]

32. <JJC 02/2/3b>  Functions f  and g are defined by f : x ( 3x, x ( ( and g : x ( x + 5, x ( (.  Another function h is such that hgf : x ( 9x2 + 33x + 31, x ( (.  Find the function h in a similar form.

[h : x ( x2 + x + 1]

33.  <TPJC 02/1/7>   A function g is defined by g : x (  eq \f(36,12 ( x) , x ( 12.

i) Find g (1 and state the value of x for which g (1 is undefined.

ii) Hence, or otherwise, find the value of x for which gg(x) = x.

[i) g (1 : x ( 12 (  eq \f(36,x) , x ( 0   ii)  x = 6]

34.  <SRJC 02/2/7>  Two functions f and g are defined as follows:  f : x (  eq \f(x,x + 1) , x ( ( 1 and

g : x ( e(x .  Find, in similar form, (i)  fg    (ii)  f (1 .  Hence, or otherwise, find (fg)(1.

[fg: x (  eq \f(1,1 + ex) , f (1 : x (  eq \f(x,1 ( x) , x ( 1, (fg)(1: x ( ln  eq \b(\f(1 ( x,x)) , 0 < x < 1]
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