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Hello ...

Thanks for inspiring a tremendous waste of my time.  :-)

I'm working on a response to the first article regarding two-equal- incenters problems for triangles. I thought I'd let you take a look at it and point out any typos. I'd be especially happy if you could resolve the "unknown" issue at the end ... my drive for symbol-pushing has given out.

I hope you don't mind my commandeering your name.

BTW: The best part of this process was off-page, where I determined a straightforward "automatic" method for clearing multiple radicals from an equation without all the tedium of squaring, grouping, squaring, grouping ... The process might actually be useful.

Enjoy!

Don

-=-=-=-=-=-=-=-=-=-=-=-=-=-=-=-=-

Hello ...

Zak Seidov has recently posed questions regarding a certain class of segments related to a triangle. 

This message addresses an issue suggested in an aside from his post "Divide triangle to two triangles 

with equal incircles".

DEFINITION:

   Given a non-degenerate triangle ABC, a "Seidovian[*] through A" is a segment AP, with "foot" P on line BC, such that the

   in-radii of triangles ABP and ACP are congruent.

  [*] or "in-Seidovian", as I imagine "circum-Seidovians"    and the like may also be worthy of investigation.

We note that continuity arguments assure the existence of a unique "internal" Seidovian through the interior of ABC. (As point P traverses from B to C, the in-radius of ABP increases from 0, and the in-radius of ACP decreases to 0; the location at which the in-radii are equal 

determines the Seidovian.) The potential for additional "external" Seidovians, with P on _line_ BC but not within _segment_ BC, cannot be realized; however, the line through A (or, more precisely, either of the rays with endpoint A) parallel to BC --with P "off at infinity" in one direction or the other-- gives rise to a limiting case, with AB"P" and AC"P" admitting congruent in-circles of diameter equal to the distance from A to BC. Whether to consider these rays "Seidovians" is debatable; 

in what follows, though, we'll use the term "Seidovian" to mean the unique "internal" Seidovian.

As with medians, angle bisectors, altitudes, and countless other cevian triplets associated with a triangle, Seidovians invite investigation of the following ...

QUESTION:

   When are the Seidovians of a triangle concurrent?

Symmetry guarantees concurrence of Seidovians in an isosceles triangle, 

but Seidov's analysis of the 3-4-5 triangle demonstrates that concurrence is not universal. We attempt to characterize triangles with concurrent Seidovians.

In non-degenerate triangle ABC, let the feet of the Seidovians from vertices A, B, and C be P, Q, and R, respectively. A few trigonometric manipulations 

yield the following relations:

   BP = ( a^2 + b^2 - c^2 + (c-b)*r_a )/(2*a)

   CP = ( a^2 - b^2 + c^2 + (b-c)*r_a )/(2*a)

   CQ = ( b^2 + c^2 - a^2 + (a-c)*r_b )/(2*b)

   AQ = ( b^2 - c^2 + a^2 + (c-a)*r_b )/(2*b)

   AR = ( c^2 + a^2 - b^2 + (b-a)*r_c )/(2*c)

   BR = ( c^2 - a^2 + b^2 + (a-b)*r_c )/(2*c)

where (r_X for "a radical expression associated with angle 'X'"):

   r_A := sqrt( (b+c)^2 - a^2 )

   r_B := sqrt( (c+a)^2 - b^2 )

   r_C := sqrt( (a+b)^2 - c^2 )

Ceva's Theorem dictates that the Seidovians will meet if and only if

   BP * CQ * AR  =  CP * AQ * BR  (EQ 1)

Clearing the (necessarily non-zero) denominators in (EQ 1), expanding the products, and simplifying yields this relation:

             r_A * a^2*(b-c)*(  a^2 - b^2 - c^2 )

   +         r_B * b^2*(c-a)*( -a^2 + b^2 - c^2 )

   +         r_C * c^2*(a-b)*( -a^2 - b^2 + c^2 )

   +     r_B*r_C * (a-b)*(c-a)*(b-c)*( b + c )

   +     r_C*r_A * (a-b)*(c-a)*(b-c)*( c + a )

   +     r_A*r_B * (a-b)*(c-a)*(b-c)*( a + b )

   - r_A*r_B*r_C * (a-b)*(c-a)*(b-c)= 0   (EQ 2)

Satisfaction of (EQ 2) remains a necessary and sufficient condition for Seidovian concurrence. Clearing the radicals --obtaining (EQ 3) and the more compact (EQ 4) below-- preserves the condition's necessity, but 

sacrifices the guarantee of sufficience by introducing potential alternative solutions.

   (4096 * a^8*b^8*c^8 * (a+b+c)^4) * (a-b)^4*(b-c)^4*

(c-a)^4*(5*a^4 + 5*b^4 + 5*c^4

     - 2*b^2*c^2 - 2*c^2*a^2 - 2*a^2*b^2

     - 4*b*c * ( -a^2 + b^2 + c^2 )

     - 4*c*a * (  a^2 - b^2 + c^2 )

     - 4*a*b * (  a^2 + b^2 - c^2 ))^2 = 0 (EQ 3)

The factor

   4096 * a^8*b^8*c^8 * (a+b+c)^4

can be ignored, as it is never zero in a non-degenerate triangle. The factor

   (a-b)^4*(b-c)^4*(c-a)^4

is zero if and only if the triangle is isosceles, a case we already understand. A variety of substitutions and simplifications reduce the complicated factor

     5*a^4 + 5*b^4 + 5*c^4

   - 2*b^2*c^2 - 2*c^2*a^2 - 2*a^2*b^2

   - 4*b*c * ( -a^2 + b^2 + c^2 )

   - 4*c*a * (  a^2 - b^2 + c^2 )

   - 4*a*b * (  a^2 + b^2 - c^2 )

to

    K * ( - 5 + sec(A/2)^2 + sec(B/2)^2 + sec(C/2)^2 )

where K is non-zero for a non-degenerate triangle; the zeroes of this factor characterize (at least "in one direction") the remaining possibilities for triangles with concurrent Seidovians.

Therefore, we can conclude the following ...

THEOREM:

   If the in-Seidovians of a non-degenerate triangle are

   concurrent, then either

    i) the triangle is isosceles, or

   ii) the angle measures satisfy this equation:

       sec(A/2)^2 + sec(B/2)^2 + sec(C/2)^2 = 5   (EQ 4)

PARTIAL CONVERSE:

   If a triangle is isosceles, then its Seidovians are concurrent.

UNKNOWN:

   If the angle measures of a triangle satisfy (EQ 4),

   then its Seidovians are concurrent.

I'm just too lazy to do the symbol pushing and find out.)

COMMENT:

   In the 3-4-5 right triangle, 

the "complicated" factor of (EQ 3)

   has a value of  -368; definitely non-zero, so no concurrence.

Now ... what about "circum-Seidovians"?
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